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I INTRODUCTION 


Evaluation  of  the  performance  of  an  antenna  is  generally  made  by 
deteraination  cf  three  main  quantities;  these  are  the  antenna  gain,  the 
antenna  far-aone  field  or  radiation  pattern,  and  the  antenna  iiigsedance. 

In  a given  evaluation,  the  rej-ative  significance  of  these  quantities  will 
largely  depend  upon  the  specific  requirements  cf  the  transmission  system 
in  which  the  antenna  is  to  be  used*  The  first  qucuitity,  namely  the  gain, 
is  nearly  always  of  considerable  importarice. 

The  gain  of  an  antenna  is  defined  as  the  ratio  of  the  m'  ’ 
power  flux  density  due  to  the  antenna  to  the  power  flux  den  to 

an  isotropic  source  radiating  equal  powdr.  This  definition  ii  that 

an  Euatenna  intrinsically  possesses  directive  properties,  or  directivity, 
and  implies  tha^  the  gain  is  a measure  of  this  diretrtivity.  The  practical 
Importance  of  determining  the  gain  of  a given  antenna  lies  in  the  fact 
-that  the  effectiveness  of  the  antenna  in  concentrating  electromagnetic 
energy  in  a favored  direction  will  then  be  kncwn. 

Accurate  analytical  determinations  of  aiitenna  gain  arc  usually  im- 
practical, if  not  impossible,  excepting  those  for  the  relatively  few 
simple- type  antennas  for  which  the  mathematical  relation  between  antenna 
aperture  distribution,  far-zcne  field,  and  gain  is  not  overly  complicated 
to  determine  and  solve.  Fortunately,  several  experimental  methods  of 
determining  the  gain  have  been  devised,  the' most  important  methods  being 
the  two  antenna  method,  the  mirror  method,  and  the  comparison  method.  ^ * 

^ Two  identical  antennas  are  used  in  the  first  of  the  above  e peri- 
mental  methods;  the  ratio  of  the  power  transmitted  by  either  antenna  to 
that  received  by  its  counterpart  is  measured.  In  the  mirror  method,  the 
ratio  of  the  power  transmitted  by  the  antenna  under  test  to  the  power 
received  by  that  antenna  as  a consequence  of  direct  reflection  from  a 
planar  metallic  sheet  or  electromagnetic  mirror  is  measured.  In  the  com- 
parison method,  as  its  name  may  inply,  a comparison  is  made  of  pcrwer 
radiated  or  received  by  the  axit€'nna  under  test  with  that  radiated  or 
received  by  a second  antenna  of  known  gain.  The  gain  of  the  test  antenna 
is  easily  arrived  at  from  such  a comjBrisonj  in  fact,  the  comparison 
method  is  almost  always  the  slnplest  and  the  most  convenient  of  the  three 
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sethods  considered.  The  eiix?  liary  antennas  employed  in  comparison  measure- 
ments are  appropriately  called  standard  gain  antenrias,  or  simply,  standard 
antennas.  Needless  to  say,  these  antennas  are  very  useful  and  valuable. 

The  accuracy  of  a comparison  measurement  obviously  depends  to  a large 
exte-iit  on  the  accuracy  of  the  known  value  of  gain  of  the  standard  antenna. 
Therefore,  ib  is  of  paramo-unt  importance  that  a developmental  standard 
antenna  be  calibrated  as  accurately  as  possible.  This  calibration  is 
necessarily  accomplished  employing  the  relatiT/ely  cumbersone  two  antenna 
or  mirror  methods. 

The  research  described  in  the  thesis  to  fo?.low  is  concerned  with 
the  development  of  comer  reflector  antennas  re  standard  gain  antennas. 

In  the  first  section,  considerations  related  to  standard  antennas  are  dis- 
cussed and  arguments  justifying  the  selection  of  comer  reflector  antennas 
for  Investigation  are  given.  In  succeeding  secbicnSj  a conprehensive 
theoretical  analysis  on  the  performance  of  corner  reflector  antennas  is 
presented  and  calculated  performance,  is  con^jarsd  wi.th  measured  performcuice. 
Included  are  the  calcu.lated  and  measured  performances  of  two  comer  reflec- 
tor antennas  proposed  as  gain  standards. 

The  two-fold  objective  of  this  research  is  to  investigate  analybically 
and  experimentally  the  performance  of  comer  reflector  antennas  and  to  dis- 
cover and  calibrate  comer  reflector  antenna  prototypes  s fox*  xis^^s 

as  standard  gain  antennas  particularly  for  800  to  l600  megacycles* 


II  CONSIDEEIATIONS  C3N  STANDARD  GAIN  ANTENNAS 


Very  often,  the  main  factor  -which  de-termines  the  value  of  a standard 
gain  antenna  is  the  -width  of  the  frequency  band  for  which  its  gaxn  is 
accurately  calibrated.  This  statement  may  be  appreciated  since  the  utility 
of  a s-bandard  anten-na  calibrated  over  a narrow  frequency  band  -will  be 
limited  unless  several  specialized  antennas  in-fcended  for  a single  frequency, 
or  for  a narrow  band  of  frequencies,  are  to  be  investigated  extensively^ 

It  follows  that  an  antenna  possessing  a favorable  gain  vs  frequency 
characteristic  is  to  be  desired  for  development  as  a gain  standard.  The 
gain  vs  frequency  characteristic  described  below  is  considered  favorable: 

Cl)  A cons-tancy  in  gain  for  an  appreciable  frequency  band, 
or  for  the  calibration  band  of  the  (proposed)  gain 
s-tandard. 

(2)  An  average  value  of  gain  the  same  order  of  magnitude  as  the 
(es-tima-ted)  average  of  the  gains  of  a -wide  selection  of 
antennas  already  used  or  likely  -to  be  used  at  frequencies 
in  the  calibration  band. 

Explanation  of  the  inmortance  of  (l)  and  (2)  is  given  in  the  suc- 
ceeding paragraph. 

An  important  aspect  of  the  comparison  method  is  that  qui'to  of-ten 
it  is  difficult  bo  make  accurate  gain  comparisons  if  the  gains  of  the 
standard  anteniia  ar.d  the  test  antenna  are  separa-ted  by  more  than  about 
10  db.  Now  the  s-bandard  antenna  iri-li  likely  be  used  at  all  frequency 
regions  in  its  calibration  band.  Therefore,  tb:  chax\oe  of  ei.cc-untering 
cases  -wherein  the  abovfi  mentioned  (or  -the  actual)  limiting  decibel  separa- 
tion in  gain  is  reached  -nrLll  obviously  be  smaller,  the  closer  the  performance 
of  the  standard  an-benna  resembles  that  of  (l)  and  (2). 

Another  factor  deserving  consideration  Is  the  impedance  of  the  antenna. 
This  factor  is  important  because  the  antenna  must  be  matched  to  its  trans- 
mission line  during  calibration  and  also  during  future  use  as  a gain  standard, 
Lorr-loss,  broad-band  impedance  matching  transformers  capable  of  matching 
appreciable  voltage  standing  -wave  ratios  are  fairly  commonj  therefore,  the 
broad-bimd  impedance  is  not  as  important  to  this  discussion  as  broad-band 
gain. 


-»It  is  noteworthy  to  mention  -that  this  limi-tation  is  placed  solely  by  -the 
liffij -ta-bions  on  sensitivity  and/or  linearity  and/or  noise  figure  of  power 
meas\iri.ng  equipment  in  common  use. 
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It  can  be  argued  that  ,^or  development  as  a gain  standaird  it  is 
advantageous  to  select  an  antenna  ^ixose  gain  is  calculable  to  a good  first- 
approxii-nation.  Gain  as  a function  of  frequency  vj-ill  depend  on  one  or-  more 
antenna  parameters:  antenna  lengths,  flare  angles^  focal  lengths,  aper- 

ture geometries,  etc*,  are  examples.  Attainment  of  the  most  favorable 
broad-band  gain  characteristic  is  of  course  coincident  irith  the  discovery 
of  the  optimum  combination  of  settings  of  the  antemia  parameters.  This 
discovery  is  likely  to  require  considerably  less  combined  effort  if  the 
gain  is  accurately  calculable,  since  experimental  gain  calibrations 
need  be  made  only  for  a small  range  of  parameter  settings  about  those 
calculated  to  be  optimum. 

One  simple-type  antenna  for  which  accurate  calculation  of  gain  is 

possible  is  the  dihedral  comer  reflector.  This  is  one  reason  comer 

reflector  antennas  were  selected  for  the  research  to  be  described.  But 

1. 

more  significant,  according  to  Kraus'*,  dipole-fed  comer  reflector  an- 
tennas have  aecepta.ble  broad-band  gain  and  iapedance  c'naracteid. sties  tor 
a number  of  combin*itions  of  settings  of  comer  anglij  and  comer  to  dipole 
spacing.  In  addition,  inportant  practical  advantages  favoring  comer  re- 
flector antennas  are  their  sirplicity  of  construction  and  consequently, 
their  relatively  low  cost. 


-h- 


Ill  TilEORETICAL  ANALTSIS  OF  CORNER  REFLF/’TOR 


ANTIiJmA  PERFORMAI'ICE 

3.1  Determjj^tion  of  the  Far-Zone  Fields 

Previous  nnaljsv^s  on  the  far-zoue  fields  of  comer  reflector  antennas 
have  been  repetitious  in  that  a separate  calculation  is  made  for  each  corner 
angle  considered.  These  calculations  are  rather  lengthy  if  the  comer  angle 
is  smaller  than  90  . The  purpose  of  the  analysis  which  follows  is  to  de- 
rive the  general  solution  for  1iie  far-zone  field  of  a comer  reflector 
antenna,  that  is,  the  solution  valid  f'^r  all  comer  angles. 

It  is  assumed,  as  in  previous  analyses,  that  ths  antenna  structure 
consists  of  two  infinite  intersecting  sheets  of  infinitely  conductive 
metal.  Of  course,  this  assumption  is  equivalent  to  neglecting  ohmic  losses 
and  edge  effects  or  diffraction  about  the  ends  of  the  reflector  of  a practical 
(finite)  comer  reflector.  In  addition,  the  comer  angle  (o)  is  restricted 

2tf 

to  the  infinite  set  of  values  a = ~ , m being  any  even  integer.  Tliis 

restriction  --  which  also  is  present  in  previous  analyses  — is  made  so  that 

c 

the  well  knewn  theory  of  images'^  may  be  employed. 

The  figures  on  the  following  page  illustrate  the  co-ordinate  systems 
that  are  used  and  the  locations  of  the  corner  reflector,  feed  antenna,  and 
images  of  the  feed  antenna:.  The  unit  vectors,  image-niombering  system,  and 
various  constants  used  in  the  analysis  are  &lso  Illustrated. 

The  total  field  at  a distant  point  P(Rj,^,0),  or  P(x,y,z)  is  the  vector 
resultant  of  the  fields  due  to  the  feed  antenna  and  its  various  images.  Of 
course,  phase  differences  in  the  excitation  of  the  images  'and  phase  differ- 
ences arising  from  the  space  variance  in  ihe  distances  from  the  ijaages  to 
the  field  point  must  be  taken  into  account  in  this  vecter  summation.  In  this 
regard.  Fig.  2 illustrates  that  the  excitation  of  the  feed  antenna  — to  be 
denoted  as  "image"  No,  1 — and  images  5,  9,  13>  17,  etc.,  is  positive  while 
that  of  inages  3,  7,  11,  15,  etc,,  is  negative.  The  phase  of  the  excitation 
of  the  even-numbered  images  is  considered  to  be  arbitrary  (positive  or  nega- 
tive) at  the  beginning  of  the  analysis*  the  correct  phase  will  bo  chosen  at 
h’  convenient  5nterval« 

From  the  above  discussion,  it  follows  that  the  fields  due  to  pairs  of 
diametrically  opposite  images  ares 


#For  an  example,  see  reference  No.  ^ of  the  Bibliography. 


FIQ.  1 CORNSR  REFLECTOR  ANTENNA  a«D  COORDINATE  SYSTEMS 


FIG.  2 IMAGE  NUMBERING  SYSTEM  AND  UNIT  VECTORS  USED  IN 

THE  FOLLOWING  ANALYSIS 


^3  ♦ \ “ “•  ± 

E^  * E^  = Eq(6^^^  ^2*^r  ♦ ^2*^r) 


E^  ♦ Eg  = - Eq(6^^®  ^3*^r  ♦ ^3*^r) 


m T M • - . - 

\ - 1 * \ - '--)'  ®o''  ""f  -1  ± ® "s  -i*''>^> 


-jks  ijj,  ,i^ 

T 


where  * 

(1) ,  1q  = Field  at  P(R,0,JZf),  oi  the  feed  anteana  radiating  in  free 

space  when  excited  with  the  current  distribution  it  possesses 
in  the  presence  of  the  comer  reflector  j 

(2) .  Ej^  * ^ at  P(R,Oj0)  'due  to  images  1 and  2 


E^  ♦ E|^  = Fields  at  P(R,6,0)  due  to  images  3 and  1^,  etCuj 
B T + E = Fields  at  P(R,0,0)  due  to  image  m-1  and  image  m: 

in«"±  m ^ ^ 

(3)«  ij.  “ Unit  vector  in  the  direction  of  the  field  point 

i^  - Unit  vector  in  the  direction  of  image  1 

-ig  » Unit  vector  in  tjie  direction  of  image  2 

= Unit  vector  in  the  direction  of  image  3 

“±2^  » Unit  vector  in  the  direction  of  image  etc., 
i_  = Unit  vector  in  the  direction  of  image  m-1. 


“i„  » Unit  vector  in  the  direction  of  image  mj 


(2i).  K = 2Tf/x,  i>  « the  wavelength. 

Summing  the  fields  of  the  m images  g±ves  the  resultant  field  E,  as  follows: 


E . ^ (-1)"  ♦ e-3>'= 

“ — ^ _ o—  

Now,  it  is  seen  from  Fig.  2,  that  i_=<i  , =cos  — i 

* Ip  ^ ♦ sin  — i , etc.,  and 

m y’  2 m-  x d y’  • 

-T  2ffn  7-  . 2ffn  — 

1 B COS  -—  1 * sin 1 

n ai  X my 

Substituting  these  unit  vectors  in  equation  (l)  yields 

E B > ~ (-1)"  Eq  I exp.  r Jks(cos  ^ sin  ^ ] 

if  «u  L 

± exp'.  [~jks(cos  ^ ♦ sin  | 

But  ijj.ij.  “ sin  0 cos  0 and  iy.ij.  = sin  © sin  0 , 


I'l'* 

s # 


so  that 


-i  f 

E = ^ (-1)^  E«  \ exp.  r jks  sin  0(cos  cos  0 ♦ sin  sin  0 1 

t -i  t n ' m i 


insw 


Or 


♦ exp,  -jks  sin  w(cos  cos  0 sin  sin  j | 

= (-1)”  ^ I exp.  I^jks  sin  0 cos  - 0)  j 


♦ exp 


. ^ -jks  sin  0 cos  "" 


Now,  Figs.  3 and  i;  on  page  7^  illustrate  the  following;  comer  reflec- 
tors having  comer  angles  such  that  m = 1^,  6,  12,  I6,  etc.,  have  diametid-cally 
opposite  images  excited  in  phase,  and  consequently,  Uie  positive  sign  must  be 
chosen  for  the  second  term  in  the  above  summationj  wliereas,  comer  reflectca's 
having  comer  angles  such  that  m =2,  6,  10,  Di;,  etc.,  have  diametrically  cp- 
posite  images  excited  180°  out  of  phase  so  that  the  negative  sign  must  be 
chosen.  The  final  results,  therefore  - are  given  by  equations  (2)  and  (3)  be- 
low* 


E - 2E^  y (-I)""  cos  . [ 
^ny—  ^ 


ks  sin  0 


] [-(21S  0)]} 


(2) 
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irhere:  m = 1^,  8,  16  ....  fur  comer  angles  of  ?0°,  30*^,  22— 

E ■ (-l)^  'sinj^ks  sin  ^]  [ cos  ^ ) ]1 

ir=o  I J 

irhere r m » 2,  6,  10,  lii  for  comer  angles  of  180®,  60°,  36°,  25»711i°. 

It  is  apparent  that  equations  (2)  and  (3)  give  the  far-zone  fields  of 
all  comer  reflector  antennas  having  corner  angles  for  which  image  theory  is 
applicable. 


(3) 
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3*2  Equations  for  the  Gain  and  Radiation  Resistance 


of  Cornar  Reflector  Antennag 
The  gain  of  an^''  antenna  may  be  defined  by  the  equation 

^ i;ffR  SCSq^^q)  4rT£>(0Qj^Q) 


I I S(O,0)sin  6 dj^  d© 


Tiheret  G » The  antenna  gain  in  the  direction  of  0^ 

A «>  S\irface  of  a distant  sphere  of  radius  R 
S(©j0)  « Magnitude  of  the  component  normal  to  A 
of  the  time— averaged  Poynting  vector 
P ■ Total  power  radiated  - j S(O^0)  sin  0 dp  d& 


a) 


For  the  comer  reflector  antennas,  it  is  convenient  to  introduce  the 
radiation  resistance  in  the  calculation  of  antenna  gain.  Radiation  resistance 
Trill  be  defined  by  equation  (?),  below? 

2 P^  2^  f f 

P,,  ” "3^  * '“3“  j j S(e,0;  sin  0 d0,  ad  (?) 

^0  ^ JJ 


In  this  eq\iation,  Iq  is  the  amplitude  of  the  current  no  a convenient  location 
on  the  feed  antenna,  or  in  the  transmission  line,  and  R is  the  radiation  re- 
SiS'bfiuICS  "to  'biiS  ticular  Iq  selected. 

Because  a field  — and  therefore,  the  Poynting  vector  S(0,5^)  — is  non- 
existent in  ail  of  space  behind  the  metal  sheets  of  the  (infinite) comer  re- 
flector , the  phi  limits  of  integration  oi*  the  preceding  integral  may  be  re- 
duced to  the  values  — a/2,  o/Z,  so  that 

S(0,^)  sin  0 d0  dQ  (6) 


21^ 

T I 


n 


Now,  S(O,0)> 


E«H 

2 


'-a  / 

/2 

2 V 


I e|  " 

2 V 


whem  H is  the  magnetic  field  arxi  V is 


the  intrinsic  impedance.  In  frtie  space  ■*?  = I20rf,  and  therefore, 


S(d,0) 


■S  -12 


f^  (s,O,0)  where  f(s,0,0)  denotes  the  sumn^ation 


in  either  equation  (l)  or  equation  (2),  as  the  case  requires.  By  substituting 
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thi'^  -value  of  S(&,0)  into  equation  (6)  there  is  obtained 


o 


(7) 


The  above  in-tegral  will  be  transformed  though  use  of  the  existing 
symmetry  relations.  Consider  the  case  of  a >0°  comer  reflector.  Lobe 
No.  1 in  Tig.  ^ on  the  follovri.ng  page  is  radiated  by  the  90°  comer  re- 
flector antenna.  On  the  other  hand^  all  four  of  the  lobes  shown  in  the 
figure  are  radia-bed  by  an  array  of  four  sources  loca-bed  in  free  space  and 
exci-ted  and  spaced  in  the  same  manner  as  the  feed  antenna  and  its  images. 
Therefore^  the  power  radiated  by  the  90°  corner  reflector  antenna  is  one- 
fourth  of  that  radiated  by  the  array.  Moreover,  Because  of  the  symmetry, 
the  power  radiated  in  the  upper  space  domain,  O_<0<  n/2,  is  equal  to 
that  radiated  in  the  lower  space  domain,  tr/2  < 0 tr  • and  identical  amounts 
of  power  are  radiated  in  each  of  the  domains  0 < 0 < v/h  and  0 > j6  > - n/1;. 
It  follows  "that  the  theta  limits  of  integration  of  the  preceding  in-begral 
may  be  changed  zo  0,  Tr/2,  and  the  phi  limits  to  0,  2tt  if  the  integral  is 
multiplied  by  (2 )(!/!;)  - l/2. 

For  convenience,  -the  symmetry  relations  were  presented  for  a=  90°, 
Ob-viously  similar  relations  enist  for  all  and  as  a conseqi^'^-'ce,  the 
limits  of  integration  may  be  changed  to  the  values  given  above  provided 
that  a multiplication  factor  of  2/m  is  used.  The  radiation  resistance  is 
therefore  given  by  the  equation 


77/  2 2tr 


Rr  = 


l^Trmlp 


[ sin;Zj|  f^(s,0,0)  de 

- rt  n ' 


(8) 


The  integral  in  equation  (8),  hereafter,  will  be  referred  to  as  «the 
radiation  resis-tance  integral". 

From  equations  (1;)  and  (5)  it  follows  that  the  antenna  gain  is  de-ter- 
mined  from  the  radiation  resis-tance  by  using  the  equation 


V 


“ 2 " 

-1?  E„|2  i2(s,e„,|!(^r| 

CM  O 
H 

(9) 
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PIG.  5 SYMMETRY  BETWEEN  RADIATION  PATTERNS  OP  80-CORNSR 
REFLECTOR  ANTENNA  AND  FOUR- ELEMENT  ARRAY 


3.3  Solutions  of  the  Radiation  Resistance  Integyal 


As  "Will  be  demonstrated  shortly,  integration  with  respect  to  phi 
of  the  radiation  resistance  integral  i-equires  the  solutions  of  the  integrals 


" “lO 

cos(b  cos  9)  - cos  b ) d6 
sin  0 


r 

j l^sinj^p  cos(0-b)J  ^ |'sin|^p  cos(jzJ-a.)J  d^^, 

1^  l^cos^'  p cos((^-b)  J ^ l^cosjp  cos(0-a)J  d^l, 


cos  9 ccs(0-c)J  d0  , 


and 


where 


a,  b,  c,  2,  and  p are  constants.  Rigorous  derivations  of  the  solutions  of 
these  integrals  are  found  in  Appendix  A,  The  solutions  are  included  below 
in  order  to  facilitate  their  reference  in  the  analyses  which  follow. 


♦ j 30S  2b 
Ig  - 2tf  Jq  (b) 


In  2b  ♦ Ci(2b)  j 
^7  ♦ In  b + ci 


♦ I sin  2b  [ Si  (l^b)  - Si  (2b)  ] 

(lib)  - 2 ci  (2b)  ] I 


I3  . ..  I [ 2 p sin  ( ] 

■ ” {■'0  (S^)] 


COS 


In  these  solutions  7 = Euler's  Constant,  Ci  = the  cosir^e  integral,  Si 
t3  the  sine  integral,  Jq  = the  zero  order  Bessel  function  of  the  first  kind. 

The  radiation  resistance  of  comer  reflector  antennas  for  several 
values  of  comer  angle  is  to  be  derived.  The  first  case  considered  is 
a = 90°  or  m = ii. 
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3.3A.  -Radiation  He  sis  t ance  of  90  Comer  Peflector  Antennas 

Substituting  in  tlie  radiation  resistance  integral  the  summation  in 
equation  2.  page  7,  gives 


R 


9 77/2  277  , 

R^  f r ,2 


60trX 


0 


I I 


sin  6 (-1)^  cos^ks  sin  d cos(^  — 0)J 


d0  de 


77/  2 277  I f ^ 

=me||cos^[ecos«i] 


-2  cos  [0  cos  ^ ] cos  [®  cos(^  -0)]  ♦ cos^  r©  cos  - 0)]|  d 0 d & 


where:  9 ^ ks  sin  9 

2 X X 

Using  cos  ^ ^ last  integral  becomes 

2 TT  / 2 ^ ' r 

Rj.  * 2 I j IFqI  ^ ® p coc[20  cos  0]  + ^ cos[20  cos(^  - 0)]  j- 

|2cos[  0 cos  0]  cosj^0  cos(^  - 0)]|  I d0  d© 

Now,  comer  reflector  antenrxas  having  feed  antennas  excited  uniformly  ■'.'rith 
azinruth  are  of  chief  interest  in  this  studyj  the  free-space  fields  (Eq)  £>f 
these  feed  antennas  are  not  functions  of  phi.  Consequently,  for  these  cases, 
the  integral  above  can  be  integrated  vrith  respect  to  plai  by  using  the  so- 
lutions of  integrals  and  given  on  page  11-  There  is  obtained 


R 


R 


^ I 2it  j |E(J  ^ sin  0 d0  +f  [EJ  “ sin  *^q[2®]) 

0 [ o '>  ® 

- {(k"  •’ot^®]))]  “ 
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Or 


H 


/S 

' 1 


r-fi. 


'O  ' «v 

“2^0  (-/2  ks  sir.  © ) r 


sin  oj'  'I  ^ 


d © 


(10) 


This  research  is  mainly  concerned  irith  comer  reflectors  illuminated 
by  a center-fed  linear  dipole,  (Other  types  of  feed  antennas  10.11  be  con- 
sidered in  the  next  chapter.)  The  exciting  current  distribution  on  the 
dipole  feed  antenna  is  assumed  sinusoidal,  so  that  its  far-zone  field  is 

7 

given  by 

E - cos(^i/2  cos  ©)  - cos  ^^2  "j-^ 

sin  0 


-o  - [^^ 


•Rheret  Iq  ■>  peak  value  or  amplitude  of  the  current  at  an  antinode,  and 
't  = dipole  length. 

By  substituting  equation  (ll)  in  equation  (lO)  and  then  using  integral 
, page  H,  there  is  obtained  for  the  radiation  resistance  of  the  90°  coi^ 
ner  reflector  autsinia  'rrlih  dip-.lc  feed 

kt  12 

- 60  ♦ 120  I ~ [ '^O^^ks  sin  ©)  - 2JQ(^ks  sin  ©)J  d 

o 

On  page  49  of  Appendix  A it  is  explained  that  the  quaintity  60I^  is  the 
(free-space)  radiation  resistance,  Rtqj  ^ center-fed  dipole  referred  to 
an  antinodal  value  of  current,  so  that,  referred  to  this  current  on  the 
dipole  feed  antoruia 

f Q)-  cos 


R = R,. 
2*  ,1 


. + 120| 
‘o  L 


sin  © 


jQ(2ks  sin  ©)  -2Jg(  2ks  sinO) 

(12) 
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3«3B  Radiation  Resistance  of  60  Corner  Reflector  Antennas 

Substituting  in  the  radiation  resistance  integral  the  sximniation  in 

equation  (3),  expanding  and  squaring,  and  using  the  identity 
2 

sin  B = 1/2  - 1/2  cos  2B  give 


2 7r/ 2 .Zirrr  (f 

r ■ I I - V2{cos[2  « =03  0] 

+ COS  [20  cos  ( - ir/3)j  + cos[  2 0 cos  (0  - 2tt/3)]| 

+2^sin  [0  cos  0j  sin  [0  cos  (0  - 2^/3)]-  sin  0 cos  sin|^0  cos(0  - ti/3)] 

- sinjQ  cos  (0  - ir/3)]  sin  [0  cos(0  - 2w/3)jV|>  d0  d0 


Using  integrals  I2  and  one  obtains 


^ 90.11 1 ^ H {h 

- [-’g(s)  - 4'^  8)]  -[j(,(0)  - Jg  05'e^]-  3/2{jg  (2  e)}|  d e 

r2 


'■  30lg  0 


/[ftf  sin  ej  ^ +|2  [J^(yj0)-  Jq  (0)j  - Jq(2  0)|J  J0  (13) 


ATttr  substituting  equation  11,  page  13,  for  and  then  using 

L Tc 
dipole  feed 


60  - H there  is  obtained  for  the  60°  comer  reflector  antenna  irith 

1 ic 


R - h 
r 


w y p 2 ^ r 

^ 120  f [fdds(k-t/2co8  9)-cos  ki/2]  I I2  ^ J 

'■»  i 1 3ln  8 i 1 L 0 ' 


'ks  sin  0) 


- (ks  sin  0)J  - Uq  (2ks  sin  0)| 


1-  de 


(Hi) 
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3.30  Radiation  Resistance  of  Comer  Reflector  Antennas 


Upon,  substitution  in  the  radiation  resistance  integral  the  summation  in 
equation  (2),  page  7>  expanding  and  squaring,  and  using  the  identity 
cos  B - 1/2  + 1/2  cos  2B,  the  foUovo.ng  expression  is  obtained  for  the  radiation 
resistance  of  comer  reflector  antennas 

sin  ©ll  ||2  ♦ 1/2  /cos  1^2  0 cos  jZij+  cos  [2  © cos(0-fl/2)] 

^ ^ IL  U \ , 

+ cos  [2  © cos(^  - Tr/li)]  + cos  [2®  cos  W - ^)]) 

+ 2 |cosj0  cos  0]  cos[©  cos(0  - tt/2)]-  cos  [©  cos  J^cos[©  cos(0  - ^)] 

4-  cos  cos(0  “ ^)  ] cos(0  - ^^COS^0  cos(0  — ^)]  cos[®  cos(0  “ ^ 'j 

--  cos[®  cos  (0  - |»)j  cos  [ 0 cos  (0  - ^5] 

^ ' 

- £OS [ 0 cos  0]  cos[  0 cos(0  - ^ 

Through  Use  of  iiilegrals  and  one  obtains 


R 


R^  ^ I ^ sin  0 j.  II Un  Jp(2  0)^4 

+ Jq(2  0 cos  ^ - [Jq  ® f 

+ [Jq  (2  0 sin  + Jq  (2  0 cos  ^)j  — [Uq(2  ® sin  |-)  + Jq(2  0 cos  ^)  ] 

- P'q(2  0 * "^0  ® ^ ^l”Po  ® 8^^  * '^0  ^ 

e]  + it«  Jq(2  0) 


77/2 


r 120TfI^  1:  ^ 


sin 


8rf 


I Jq  (-/F0)  - Jq(2  0 sin  |)  - Jq  (2  e cos  ^)| 


d e 


11^ 


Or 


V ! 2 


i [w  ^ sin  e]  [i  + (.Tq(20)  ♦ 2 [j^CJTe)  - jQ(i).765U») 

- Jq  (l.81i78  0)]|  ] d0  (15) 
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Proceeding  as  Tras  done  previously  on  page  15  , there  is  obtained  for  the 
dipole-fed  comer  reflector  anteima 


R = R 
r 


v/2 

* I f 


cos  0<-t/2  cos  6)  - cos  k^- 


sin  e 


Jq(21cs  sin9) 


4-2  [Jq  (V?  ks  sin  0)  ^ 0P.765U  ks  sin  0)  - Jq  (1.8U78  ks  sin  6)j 


\ d0  (16) 


— XU 


3 . 3D  Radiation  Hesistance  of  Other  Comer  Reflector  Antennas 


The  radiation  rebistance  of  comer  reflector  antennas  for  -iirhich  n 10. 
lii,  16,  18  . . „ may  be  obtained  in  precisely  the  same  fashion  as  used  above 
for  the  cases  m = Ij,  6,  and  8.  Substituting  in  the  radiation  resistance  in- 
tegral the  summation  in  eitlier  equation  2 or  equation  3,  and  expanding  and 
squaring  Trill  introduce  in  the  integrand  only  terms  of  the  form  given  below s 


0 j 2 

Using  cos  B = 1/2  4 1/2  cos  2 B for  the  terms  given  in  Aa,  and  sin  B = 
1/2  - 1/2  cos  2 B for  the  terms  given  in  At,  will  yield 

a5  - 1/2  A 1/2  00s  ] 2 ks  sin  ® J ~ 

These  parts  of  the  integrand  may  be  integrated  by  using  integral  . The 
terms  of  the  form  given  in  Ba  and  Bb,  above  may  be  integrated  by  using  iri- 
tegrals  and  , respectively.  Consequently,  the  radiation  resistance 
:mtegral  may  be  integrated  (with  respect  to  phi,  0)  for  every  value  of  m, 
and  therefore,  for  every  comer  angle  a.  It  is  to  be  noted  that  the  above 
discussion  is  valid  for  comer  reflectors  illuminated  by  any  type  of  feed 
antenna  excited  uniformly  Trlth  phi.  In  the  next  chapter  more  will  be  said 
regarding  the  latter  subject. 
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?.L  Humeri  cal  Evaluation  of  Radiation  Resistance  and  Antenna  Gain 

Equations  12,  lU,  and  16,  pages  15,  and  16,  •were  slicnrn  to  equal  the 
radia'tion  resistances  of  90°,  60°,  and  comer  reflector  antennas  fed  by 
linear  dipoles.  Considerable  effort  "was  spent  in  trying  to  integrate  analyti- 
cally the  integrals  contained  in  those  equations  but  all  atteryts  proved 
unsuccessful.  It  "was  "therefore  necessary  to  enploy  a nmerical  me'thod  of  in- 
tegration. 

From  the  equations  referred  to,  it  is  seen  that  the  radiation  resistance 
for  each  of  the  cases  a = 90°,  60°,  and  lj?°,  or  m «,  1;,  6,  and  8,  may  con- 
veniently be  represented  by  F as  given  in  the  equation 

T 

R = R^  + 120  I - R^  + R,  (17) 

r Tq  m Tq  X 

where  >=  the  integral  in  equation  12,  llj,  or  16.  Values  of  R^  were  obtained 

ftom  values  of  R and  I de’termined  as  follows: 

r o m . 

Sinpson’s  rule  was  emplcyed  for  numerical  integrations  of 
required  values  of  the  first  order  Bessel  function  were  ob'tained  from 
reference  No.  8 of  the  Bibliography.  And  "was  cemputed  from  the 
solution  of  integral  (See  page  30  or  page  h9  of  Appendix  A)  using  val- 
ues of  •the  sine  integral,  the  cosine  integral,  and  the  natural  logarithm 
given  in  reference  Ho.  9. 

Antenna  gains  in  the  direction  & e 90°,  0=0°  (the  forward  direction; 
were  detemined  using  the  equation 

Q(9C°,  0°)  ^ 1^  [l  - cos  f^  (s,  90°,  0°) 

■which  is  equation  9 of  i)age  lO  with  Eq  set  equal  to  the  free  space  field  of 
the  dipole  feed  antenna  of  length 't . 

The  quantities  R^  and  G(90°,  0°)  were  calcula'ted  as  functions  of  fre- 
quency in  the  two  to  cne  frequency  band  0.8  f^,  < f _<  1.6  f^  for  comer  to 
dipole  spacings  (s)  of  1q/U,  ^q/2,  3XqA»  and  where  the  sigraficance 

of  Xq  and  fp  is  as  defined,  by  the  identity  n -2-C.  These  calculations 
were  made  for  frequency  ordinates  of  0.8  f^,  0.9  Iq,  1.0  f^  . . . 1„6  f^,  so 
that  nine  values  of  the  functions  R^,  and  G(90°,  0°)  were  ob'tained  for  each 
setting  of  a and  s considered. 
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Tl’.ie  results,  including  the  dipole  raoiation  resistance  are  plotted 

ir.  Figs.  6 - 9,  inclusive.  It  is  seen  that  the  oOO  to  1600  me  hand  is  used 
for  the  curves;  this  frequency  band  iras  chosen  so  as  to  conform  with  frequen- 
cies of  interest  in  the  experimental  measurements  remaining  to  b*3  described. 
(But  the  length  of  the  dipole  feed  can  be  modeled  to  suit  any  Xq  so  that  the 
curves  are  valid  for  every  frequency  band  0.8  f^  f 0,6  f^,) 

EjEamination  of  the  curves  shows  that  very  favorable  gain  characteristics, 
constancy  of  gain  for  tiro  to  one  frequency  band,  are  predicted  for  the  comer 
reflector  antennas  defined  by  a «*  90°,  s = Xq/I^j  a = 90°,  s *=  Xq/2;  a = 60^, 

3 ■ Xo/2j  and  a » Ip°,  s « >^^2.  Theoretical  basis  for  selecting  any  of -these 
an-bennas  for  development  as  a gain  s-tandard  is  clearly  established. 


gain  (POWER  RATIO) 


FIG.yA  CALCULATED  GAIN  vs  FREQUENCY 
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FIG-7B  CALCULATED  RADIATION  RESISTANCE  vs  FREQUENCY 
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GAIN  (POWER  RATIO) 


FIG.QA.  calculated  gain  FREQUENCY 
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‘.DIATION  RESISTANCE  (OHMS) 


3a ^ Acciiracy  of  the  Calculations 


P^diation  resistances  and  antenna  gains  were  computec'.  for  108  individual 
cases.  Several  precautions  were  taken  in  order  to  ensure  accuracy.  Values  of 
sine  integral,  cosine  integral,  logarithnic.  .liid  trigonometric  functions 
accurate  to  four  decimal  places,  and  values  of  the  zero  order  Bessel  function 
accurate  to  at  least  three  decimal  places  were  ujcd.  Multiplication  and 
division  were  made  using  a gr:-dii}A  model  ST  automatic  calculator. 

Preliminary  tests  of  the  convergence  of  the  numerical  integrations  of 

I were  made  and  will  now  be  tixplained.  Sub-intervals  of  9°,  7 1/2°^  And 

$ 

3 were  used  in  Simpson's  rule  and  answers  to  were  computed  for  five  of 
the  108  cases.  In  fcn.r  of  these  five  test-computations,  the  answers  obtained 
using  7 '/2^  sub-inteirvals  were  different  in  the  third  decimal  place  from  those 
obtained  using  9°  sub-intervals.  Improvement  in  the  third  decimal  place  was  noted 
for  the  reiuaJning  case  when  the  results  of  the  third  set  of  rjraputations  — 
those  obtained  using  3°  sub- intervals  — were  compared  with  the  results  of 
the  second  set.  There fore;  it  may  be  concluded  that  all  of  the  five  ans- 
wers of  tie  third  set  of  computations  were  determined  accurate  to  at  least 
three  dec:.mal  places. 

A small  percentage  increase  in  accuracy  to  be  obtaijied  if  a sub-interval 
smaller  than  5°  were  used  in  the  many  integrations  to  follow  was  not  believed 
worth  the  considerably  larger  percentage  increase  in  time  that  would  be  spent 
operating  the  calculator.  Consequent^_.-'it  was  decided  to  use  sub- 
intervals  for  the  (103)  integrations  remaining. 

It  should  be  pointed  out  that  in  sane  val^jes  of  radiation  resistance 
errors  of  about  one-half  ohm  are  believed  possible.  The  dipole  radiation 
x-esistance,  Rj.^9  definitely  was  calculated  accurate  to  at  least  three 
decimal  places.  But  the  favorable  conclusion  from  the  five  sample  inte- 
gi-ations  of  the  above  described  convergence  tests  does  not  prove  conclusively 
that  no  error  in  the  third  decimal  place  of  the  other  103  integrations  was. 
obtained.  For  any  one  of  these  integrations  of  I_  it  is  believed  that 

JLU 

.OOli  ohm  (AI  ) is  a safe  estimate  of  maximum  error;  therefore, 
m . 

Ap.  -.A(p  ^ 120  I )<121ii  I ^ 0,^  ohn. 

r m " m 
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Now,  in  cases  where  Rj.  is  less  than  ten  ohms  an  error  of  one-half  is  greater 
than  five  percent.  Fat  fortunately,  a big  majorily  of  the  values  are  larger 
than  ten  ohms.  In  fact,  78  percent  arc  larger  thsi'  2 5 oluns,  and  the  error 
in  these  values  is  probably  less  than  two  percent.  Of  course,  the  error  in 
corresponding  values  of  gain  is  also  less  than  two  percent,  or  0,09  db. 

The  writer’s  research  supervisor  agreed  tha.t  recomputing  the  low  radia- 
tion resistances  (using  a smaller  sub— interval  In  Simpson’s  rule  and/or  more 
significant  figiures)  was  not  merited  inasmuch  as  these  values  of  radiation 
resistance  are  not  of  practical  in5)ortance s antennas  iiaving  low  radiation 
resistances  are  very  seldom  used  because  loss  resistance  may  be  of  the  same 
order  of  magnitude  as  radiation  resistance. 

Kraus  computed  the  radiation  i^sistance  of  dipole-fed  corner  reilector 
^tennas  using  a method^  entirely  differenii  frc»n  the  Poynting  vector  method 
■used  herein,  &aus  considered  only  the  case  wherein  the  length  of  the  dipole 
is  exactly  a half  wavelength,  A check  between  the  values  given  on  the  curves 
in  this  report  (for  the  one  case  3^  « f = Tq  » 1000  me,)  and  those  com- 

pu-bed  by  Kraus  is  as  shesm  in  Table  I,  The  latter  values  are  designated  by 
E^’  and  were  read  accurate  to  approximately  one«half  ohm  from  the  corves  in 
reference  10  a, 

TABLE  I 


s 

(Ohms) 

(Oh^) 

0 

0 

o^ 

0.25  X 

27.3 

27 

0,9  3. 

127 

126 

60° 

0,29  X 

2.83 

h 

0,9  X 

7i.li 

72 

It  is  seen  that,  percentagewise,  the  check  between  the  results  is  veiy 
good  nd.th  the  exception  of  those  for  the  case  a = 60°  , s = 0,2^  i..  This 
circumstance  led  the  wiriter  to  calculate  the  radiation  rasi stance  for  the 
case  in  question  by  the  method  used  by  Kraus,  A value  of  2, ,7 3?  ohms 


Wo  be  considered  on  page  23 
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■was  obta.ir*ed.  Accordiugly,  it  is  surmised  that  either  Kraus  made  an  error 
in  celc’ul'^ting  hd.s  answer,  or  else  the  curve  fi*om  idiich  the  cinswer  was 
■taken  is  prin-ted  in  error  in  the  immediate  region  of  R ’ ■ ohms. 


IV,  Tig;  POTHTING  VECTOR  MEniOD  'JS,  THE  CIRCUIT  MSTHOD 


Anjilytical  investigations  on  comer  reflector  antennas  predating  the 
investigation  made  herein  use  a method  "which  might  be  called  the  ’’circuit 
method”.  Briefly,  "ihe  dipole  feed  antenna  and  its  images  are  considered 
as  a sys-tem  of  mutually  coupled  circuits  and  "the  radiation  resistance  of 
the  comer  reflector  an"benna  (or  of  an  antenna  array)  is  obtained  there- 
from using  ordinary  circuit  theory.^*  10a,  11,  13  ^his  circuit  method  re- 
quires calculation  of  the  ’’  self  resistance”  of  the  dipole  and  the  mutual 
resis"tances  between  "the  dipole  and  its-  images,  (See  Appendix  B«)  Since 
the  Poynting  -^tfctor  method  "was  used  in  this  report,  seme  explanation  may 
be  in  order. 

Let  it  first  be  said  that  the  "writer  personally  prefers  the  Poynting 
vector  me-fchod  for  analysis  of  all  types  of  antennas,  A second  reason  for 
selecting  the  Poynting  vector  method  is  "that  the  study  described  herein 
"was  meant  to  be  an  original  research,  so  "that  using  the  new  approach  to 
the  comer  reflector  problem  "was  justified  on  that  basis  alone.  Certain 
real  advantages  favoring  the  Poynting  vector  method  over  the  circuit  method 
became  evident  at  various  intevals  during  this  research  and  these  advan-tages 
should  be  poin-ted  out. 

At  the  beginning,  calcula"feions  were  made  using  the  circuit  method. 

The  ejqjressi'ons  giving  the  self  resistance  and  mutual  resis"tance  are  very 
0 

lengthy,  and  they  were  found  exceedingly  cumbersome  to  work  with  unless  the 
length  of  the  dipole  feed  an"benna  is  exactly  ah  odd  number  of  half  "wa"ve- 
lengths.  This  circums"bance  caused  the  writer  to  explore  the  possibilities 
of  the  Poynting  vector  method,  and  "the  double  integrals  which  were  de-termin- 
ed  could  be  in-tegra-fced  analytically  only  once.  Nevertheless,  it  "was  found 
that  in  one  con?ju"ta"tion  of  radiation  resis"tance  by  each  method  — with«t  A/2 
a modera-fce,  yet  appreciable,  sa"ving  of  time  "was  gained  by  the  new  method,  A 
modera-fce  caving  of  time  in  one  conqjuta-tion  multiplied  by  "the  large  number  of 
computatio’."is  "co  be  made  a^oun-ted  to  a large  saving  in  the  to"bal  time  spent 
operating  the  calculating  raachine.  (This  advan-tage  removed  any  doubts  as 
to  which  method  of  calculation  would  be  used.) 

Another  advan-tage  "that  -was  gained  and  is  believed  of  importance  -wiH 

above  statement  -will  be  apprecia-ted  by  no"ttng  the  leng"th,  and  the 
C0B?)lexity,  of  Equation  B.ii  of  Appendix  B.  This  equation  raul-’-.iplied 
by  120  equals  the  sum  of  the  mutual  resis"tances  for  the  case  a - 
"this  s"um  must  be  added  "to  ®ro  to  ob"tain  Rj.,  Cornjsponding  equations 
for  A M 60P  and  a ■>  are  abcnit  1-3/2  and  2 times  as  long  as  Equa- 
tion B,l|. 
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now  be  e^splained.  It  is  clear  that  equations  (10 ),  (13  and  (l5)  of 
chapter  III  give  the  radiation  resistances  of  all  90^,  60°^  and  comer 
reflector  antennas  sc  long  as  E q,  the  Held  of  the  feed  anteniia^  is  a f\inction 
only  of  theta.  Such  a field  will  obviously  be  radiated  by  any  source  excited 
uniformly  with  azimuth  angle,  0. 

Now,  of  course,  the  integrals  in  the  above  equations  can  be  solved  numei'- 
ically  for  any  ^ (&)  in  the  same  manner  as  was  used  for  the  case 
Eq(0)  = the  subscript  d denoting  a dipole.  In  regard  to  these 

future  calculations,  it  is  estimated  that  at  least  half  cT  the  numerical 
data  that  would  bs  required  has  already  been  computed,  as  will  now  be  ex- 
plained. It  is  seen  that  each  of  the  equations  (10 ),  (13 and  (!:>)  may  be 
written  as  foliowss 


77/  2 


j |E^  (&)  f sin  0 [l  + \ Ce)J  d 0 


(18) 


where  is  in  no  way  dependent  on  the  type  of  feed  anterma.  For  the 


case  of  the  dipole  feed,  equation  (l8)  was  transformed  to  the  foim 


/2  . 


|2 


E^j(9)  ^ p sin  0 d 0 + 
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Ep(0)  sin  9 Uj^(0)  d 0 (19) 


E - E_ 


+ 120  I 


m 


Jic-r,  TJ  (0°K  U (5^)s  U (lo”)  , . . . U (90°),  the  e-pr-esslcns  containing 
the  Bessel  functions,  were  necessarily  evaluated  in  order  to  determine  the 
108  answers  of  I « Frcan  this  fact  and  from  (l8),  it  should  be  clear  that 
the  second  statement  of  this  paragraph,  and  the  advantage  implied,  have  been 
verified.  Two  possible  comeic-reflector  feed  antennas  for  which  this  advan- 
tage is  applicable  are  a spherical  dipole  and  a bi  coni  cal  homj  these  feels 
can  be  excited  uniformly  in  azimuth,  which  is  here  required. 
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In  computing  the  radiation  resistance  of  the  dipole-fed  comer  reflec- 
tor, equation  (l8)  was  changed  to  equation  (19)  because  the  self  resistance 
had  already  been  calculated,  as  a function  of  frequency,  when  the  circuit 
method  was  tried.  Consequently,  the  sinple  expediency  of  multiplying  values 
of  self  resistance  by  2 sln^  ZA/z  to  obcain*  the  dipole  radiation  re- 
sistance. R,.  , was  in  evidence.  Not  only  was  the  future  numerical  work 

•‘O' 

shortened,  but  atlso,  it  was  thereby  possible  to  supplement  this  -report  with 
the  curve  of  the  function  , In  other  calculations,  it  -will  be  more  ex- 
pedient  to  solve  numerically  the  entire  integral  of  equat-l  nn  Cl8)  in  -mich 
case  the  radiation  resistance  of  the  feed  antenna  evidently  will  not  be  de- 
termined. 

It  should  be  emphasized  that  no  advantage  comparable  to  the  one  describ- 
ed would  have  been  gained  had  the  circuit  method  been  used.  At  present, 
analytical  expres-sions  for  self  and  mutiial  resistances  have  been  derived  only 
for  the  linear  dipole  antenna.  To  derive  corresponding  expressions  for  other 
types  of  feed  antennas  first  inquires  the  derivation  of  their  neaiv-zone  fields, 
(In  fact,  the  field  Juct  outside  -the  surface  of  the  feed  antenna  due  to  its 
own  current  is  required  to  compute  self  resir-tance  and  the  field  at  the  same 
place  due  to  the  current  in  an  image  antenna  is  required  to  compute  mutual 
resistance  '^)  Now,  the  near-zone  fields  are  considerably  more  diffi- 

cult to  determine  than  the  fai'-zone  fields  required  in  the  Poynting  vector  ' 

A 

method.  Even  if  the  expressions  for  self  and  mutual  resistance  are  deriva,- 
ble,  it  is  unlikely  that  they  would  be  very  similar  to  those  for  the  linear’ 
dipole.  Therefore,  calculations  of  corner  reflector  radiation  resistance 
and  anteruia  gain  ” simultaneously  valid”  for  geveral  differently  illuminated 
comer  reflectors,  most  likely,  are  not  possible  from  the  circuit  method  of 
analysis. 


•*<As  eaqjlained  on  page  49  of  Appendix  A 
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V CE.3IGN  OF  TilE  GCENER  REFLECTOR  .\NTENI.fAS 


Factors  in  the  Design 

Factors  irhich  required  consideration  in  the  design  of  the  corner  reflector 
antennas  used  in  the  experimental  investigations  to  be  described  are  the  foUovring 

(1)  Total  cost  of  construction 

(2)  Flexibility  of  design  sc  as  to  permit  the  setting  of 
several  combinations  of  antenna  parameuers. 

(3)  Size  and  weight 

(It)  Agreement  betrsen  measured  and  calculated  radiation 
patterns  and  antenna  gains. 

A logical  solution  to  the  design  problem  was  made  apparent  by  combined 
consideration  of  (l)  and  (2)?  it  would  be  advantageous  to  construct  a single 
comer  reflector  assembly  having  features  which  permit  Tri.de  variations'  of  comer 
angle  and  feed  antenna  to  corner  spacing.  In  this  way,  a large  number  of  dis- 
tinct comer  reflector  antennas  would  be  attainable  for  a comparatively  low 
total  cost.  Therefore,  it  was  decided  to  design  a "variable**  corner  reflector 
antenna. 

Factors  (3)  and  (li)  remained  to  be  considered.  Tlie  variable  comer  re- 
flector antenna  need  be  of  moderaue  size  and  weight  to  facilitate  mounting 
and  transporting.  On  the  other  hand,  calculated  radiation  pattern  and  gain 
are  strictly  valid  only  for  infinite  comer  reflectors.  Moreover,  for  a 
finite  corner  reflector  antenna  — in  contrast  to  the  infinite  corner  reflector 
— as  the  corner  angxe  (p. ) is  decreased  from  90°,  a steady  increase  in  gain  can 
not  be  expected.  This  fact  is  readily  verified  in  the  next  paragraph. 

The  gain  of  any  antenna  is  given  by  the  well  known  equation  G = UirfA/A  , 
where  A is  the  area  of  the  antenna  aperture  and  f is  the  illumination  effi- 
ciency, which  approaches  unity  for  a matched  antenna  as  its  aperture  is 
illurnDJoated  more  and  more  uniformly.  Now,  the  aperture  area  of  a comer  re- 
flector antenna  is  closely  approximated  by  the  equation  A ) = 2 hd  sin  a /2 
where  h and  d are  the  horizontal  and  verticle  dimensions  of  the  reflector 
planes.  For  constant  frequency,  therefore,  G(x  )^f(p.)  sin  a/2  so  that  the  gain 
will  increase  as  a is  decreased  frcm  90''  provided  that  the  ill\imination  efi'iciencj’’ 
increases  sufficiently.  But  unless  f(90°)  is  appreciably  smaller  than  unity 
to  begin  with,  decreasing  gain  will  soon  be  the  result. 
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The  discussion  of  the  preceding  paragraph  obviously  discourages  the 
use  of  comer  reflectors  having  corner  angles  much  smaxler  than  90°,  Never- 
theless, the  variable  comer  reflector  aiibenna  was  constructed.  Reflector 
dimensions  were  mads  larger  than  reccamaended  minimum  values  for  the  design  of 
a 90°  comer  reflector  in  hopes  that  satisfactory  correlation  between  computed 
and  measured  performance  might  be  obtained  at  least  for  some  corner  to  feed 
antenna  spacings  withn  = 60°,  In  regard  to  a 90°  comer  reflector,  Kraus^° 
suggests  that  a practical  design  mle  is  to  make  the  side  length  (h)  at  least 
twice  the  comer  to  feed  antenna  spacing.  In  addition,  Kraus  states  that 
requirements  on  the  depth  (d)  of  the  reflector  ai*e  not  critical,  a depth 
equal  to  1 l/2  times  the  length  of  the  feed  antenna  being  sufficient.  Dimen- 
sions chosen  for  the  variable  ccmor  reflector  are  d U«  and  h = The 

latter  dimension  is  greater  than  twice  the  largest  comer  to  feed  antenna 
spacing,  s,  that  was  ejected  to  be  used  in  the  experimental  measurements  and 
about  four  times  as  large  as  the  settings  of  s expected  to  be  most  often  used. 
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^»2  Design  Features  of  the  Variable  Corner  Reflector 


Engineering  drawings  of  Fig.  2h , attached  at  the  end  of  the  ‘Report^ 
and  the  photograph  on  the  next  page  and  that  on  page  JUlshow  the  essential 
features  of  the  variable  comer  reflector.  Two  lengths  of  piai^o  hinge  fasten 

_r  • 

together  the  two  reflector  frames,  permitting  the  comer  angle  to  be  varied 
frcm  10°  to  105°.  The  purpose  of  the  "variable  braces",  located  at  the  top 
and  bottom  of  the  assembly  (sea  Drawing  No.  2 ),  is  to  provide  support  for 
holding  the  reflector  planes  at  any  comer  angle  setting.  Tlie  "dipole  s\;ppor- 
ting  brace"  (Drawings  No.  li  and  No.  5),  supports  the  feed  antenna  and  its 
transmission  line.  The  feed  antenna  may  be  moved  to  any  distance  from  the 
corner  by  pulling  on  the  brass  tubing  transmission  line.  This  tubing  is 
fitted  snugly  to  the  various  parts  of  the  dipole  supporting  brace,  but  no  diffi- 
culty in  adjusting  the  feed  antenna  to  a particular  setting  is  encountered 
if  a anall  amount  of  Lubriplate  lubricant  is  spread  on  the  brass  tubing. 
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FIGURE  10 


VARIABLE  CORNER  REFLECTOR  ANTENNA 


^.3  The  Choice  and  the  Design  of  the  Feed  Antenna 


As  already  mentioned,  con^sarisoi  between  calculated  performance  and 
measured  performance  was  desired.  For  this  reason  and  also  because  all 
qualitative  analyses  on  corner  reflector  antennas  assume  that  a linear  dipole 
illiaminates  the  reflector,  that  t3?pe  of  feed  antenna  7ra.s  selected  for  the 
variable  comer  reflector  antenna.  (It  is  necessary  to  insert  parenthetically 
that  the  variable  comer  reflector  was  designed  and  experimental  measurements 
were  started  several  months  in  advance  of  the  starting  date  of  the  theoretical 
analysis  of  Chapter  III.  As  was  demonstrated,  the  analysis  of  Chapter  IH 
may  be  appH<»<^  to  comer  reflectors  having  various  types  of  feeds.  This  cir- 
cumstance, of  course,  was  not  known,  when  the  feed  antenna  for  the  variable 
comer  reflector  was  colocted  so  that  the  possibility  of  usinff  feed-s  other 
than  linear  dipoles  was  not  considered.) 

Fig.  11  On  the  next  page  shows  the  dipole  feed  antenna  assembly  in  cross^ 
section.  The  gap  between  uhe  two  sections  of  the  dipole  was  made  as  small  as 
is  consistent  with  considerations  of  voltage  arc-over  and  lumped  capacitance. 

This 'gap  need  be  small  compared  with  wavelength,  otherwise  the  length  g 
of  the  inner  conductor  of  the  feed  line  will  place  inductance  in  series  with 
the  lower  section  of  the  dipole,  resulting  in  imbalance  between  the  currents 
in  the  dipole  sections. 

• The  short  cylinder  of  lucJ.te  e.xtending  inside  both  brass  tubings 
strengthens  the  construction  and  keeps  the  two  dipole  sections  in  alignment. 

Tiie  necessity  for  including  a balun  in  the  design  of  the  dipole  feed 

2b 

antenna  is  apparent.  In  regard  to  baluns,  it  has  been  demonstrated  that 
a balun  length  (l^)  slightly  less  than  the  ncnjinal  is  optimum,  and  for 
several  dipole  systems,  a balun  0.?3  wavelength  long  was  found  by  experiment 
to  give  good  results.  Accordingly,  the  shorting  bar  of  the  balun  on  the 
dipole  feed  assembly  was  set  at  0.23X  in  all  the  measurements  to  be  described. 

It  is  mentioned  that  the  dipole  feed  assembly  can  be  removed,  imdamaged, 
from  the  variable  corner  reflector.  This  will  permit  use  of  the  variable  cor- 
ner reflector  in  future  investigations  using  other  types  of  feed  antennas. 

From  engineering  drawing  No.  6,  it  is  clear  that  unsoldering  the  type-N  connector 
on  the  far  eixl  of  the  feed  line  permits  the  entire  dipole  feed  assembly  to  be 
pulled  free  from  the  dipole  supporting  brace.  In  addition,  this  brace  is  removed 
merely  by  tilting  it  to  clear  the  grooves  in  the  variable  brace , Then,  to  com- 
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DIEPOLE  CROSSECTION 


plete  the  modification, 
the  lion  type  o.r  antenna 


( 


a " feed-antenna  supporting  brace"  accommodating 
feed  cf>.n  be  inserted  in  these  grooves. 
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71  ‘ TRANSMITTING  AND  RECEI^/ING  EQUIPMEfT 


Transmitting  equipment  and  receiving  equipment  iised  in  all  of  the 
antenna  measurements  that  ulll  be  described  are  shown  in  Figs.  12  and  13 
on  the  next  page  (31A).  An  APT  transmitter,  having  a cw  power  output  of 
? - 10  watts,  was  connected  to  the  transmitting  antennas  used,  and  received 
signals  were  amplified  by  an  APR  receiver  and  indicated  on  a dc  milliarameter. 

Incorporated  in  the  APR  receiver  Is  a biased  detector  whose  dc  output 
was  found  to  be  only  approxiiiatelv  proportional  t-c  the  cw  signal  at  the  re- 
ceiver input.  Therefore,  calibi-ation  of  the  receiver  was  necessary.  This 
calibration  was  performed  at  eveiy  hundred  me  in  the  800  me  - 1600  me  band 
by  empl eying  an  LAE  signal  generator  for  the  calibration  frequencies  free 
800  - 1300  me  and  an  LAF  signal  generator  for  the  remainder  of  the  band. 

The  above  signal  generators  each  contain  an  accurately  calibrated  attenuator 
and  wavemeter  thereby  permitting  calibration  of  the  receiver  in  the  customary 
manner. 

Transmitted  frequencies  were  adjusted  to  800  me,  900  me,  1000  me  . . . 
1600  me  siaply  by  carefully  tuning  the  APT  transmitter  to  the  peak  of  the 
pass  band  of  the  calibrated  APR  receiver. 
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FIGURE  12 

TESTING  SITE  FOR  H-PLANE  PATTERN  MEASUREMENTS 


FIGURE  13 

H-PLANE  PATTERN  MEASUPvEMENTS 
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VII  PREI.IMINARY  MEASUREMENTS 


H^plane  radiation  patterns  of  the  variable  corner  reflector  antenni 
for  comer  angles  of  90° g 60  , and  li5~  were  iicasured  at  a frequency  of 
1000  me  for  comer  to  dipole  spacings  of  7.^  cm  - cm  » 

22o5>  cm  ■ 3 30  cm  - Xq.  Each  radiation  pattern  was  measured 

twice  for  reasons  made  evident  in  fee  succeeding  paragraph. 

Measurements  were  first  taken  on  the  flat  roof  of  a large  bxiilding. 

These  radiation  pattern^  were  appreciably  broader  than  was  e^^jeeted 
and  various  jagged  variations  together  with  several  minor  lobes  were  present. 
It  wras  suspected  that  reflections  from  the  roof,  and  possibly  from  a distant 
three-foot  guard  rail  around  its  periphery,  were  responsible  for  the  un- 
wanted results.  Measurements  were  repeated  which  verified  that  suspicion. 

The  second  measurements  were  taken  at  the  testing  site  pictured  in  F3.go 
12o  •;  The  variable  comer  reflector  antenna  and  a 70*^  comer  reflector  trans- 
mitting antenna  were  placed  on  opposite  sides  of  a four-story  air  shaft  — 
centrally  located,  incidentally,  in  the  building  on  which  the  previous 
meas^irsments  were  taken  — so  that  only  negligibly  small  ground-reflected 

signals  were  able  to  reach  the  receiving  antenna.  Reflections  from  an 

» . 

elevator  tower  protruding  skywaard  on  the  far  side  of  the  air  sh^t  were 
made  quite  small  by  directing  the  beam  of  the  transmitting  antenna  away 
from  this  tower. 

The  transmission  range  (the  width  of  the  air  shaft)  was  several  times 
larger  than  2d  /x  so  feat  phase  variation  across  the  receiving  aperture  was 
probably  negligible.  Ifcrec’ver,  it  was  found  that  in  the  vicinity  of  the 
receiving  ^antenna  the  field  intensity  was  unif  orm  over  an  area  of  approxi- 
mately three  square  feet,  or  nearly  twice  the  area  of  the  maximum  receiving 
aperture  used.  From  this  paragraph,  a ^d  the  preceding  one,  it  is  apparent 
that  ideal  conditions  were  closely  approximated  at  the  testing  site  described. 

The  results  of  the  second  set  of  H-plane  radiation  pattern  measurements 
are  shown  in  Figs,  lit  to  16.  inclusive.  Calculated  patterns,  obtained  using 
either  equation  (2)  dr  equation  (3)  = x/2  and  0 »■  90  , are  included, 

for  conparisen.  In  the  case  of  a * results  are  s':vwn  only  for  a corner 

to  dipole  spacing  of  s = Xo/i;  (Hg»  16,,  page  35P)<>  Variation  of  s caused 
only  minor  change  in  the  measured  result.  For  this  comer  angle,  the 
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i^eas'ared  patterns  were  much  broader  than  correspon>^ing  caJ.culated  patterns 
and  considerably  broader  thcin  those  measured  for  «=  90°  and  = 6C°» 
Therefore,  it  may  be  concluded,-  from  only  these  prelirrinary  measuremcnta, 
that  the  gain  for  a = );9°  is  much  srualler  than  that  for  both  of  the  other 
comer  angles. 

The  primary  objective  of  the  measurement  of  the  above  radiation  pat- 
terns was  to  obtain  a first  indication  of  how  well  the  performance  of  the 
variable  comer  reflector  antenna  agrees  with  calculated  performance.  As 
already  iriferred,  for  a = it  was  found  that  there  is  essentially  no 
correlation  between  calculated  and  actual  perfonnances.  This  correlation 
is  definitely  improved  foi*  a = 60°,  excepting  the  case  s = wherein  the 
measured  pattern  does  not  consist  of  two  main  lobes  as  does  the  calculated. 

(it  might  he  mentioned  that  increasing  3 to  about  P/8  Xg>  oiiused  the  appearance 
of  two  main  lobes.)  But  the  patterns  for  the  60°  corner  reflector  are  yet 
appreciably  different  from  those  calculated.  Finally,  for  a = 90°  a very 
good  correlation  exists  in  the  cases  of  s = and  s = Xg/2,  and  a fair 

correlation  in  the  case  of  s = 3J<g/h|  for  a comer  to  dipole  spacing  of 
Xg,  the  measured  and  calculated  patterns  are  ccmpatible  only 'insofar  as 
the  presence  of  two  main  lobes  is  concerned. 
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FIG.  16  MEASURED  AND  CALCULATED  H-PLANE  ELECTRIC  FIELD 

FOR  CORNER  REFLECTOR  ANTENNA 
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vin  nro  am  standaj?ds  and  thktr  psefcrmances 


8,1  Selection  of  the  Gain  Standards 

The  antennas  obtained  by  setting  the  comer  angle  and  the  comer-to^ 
dipole  spacing  of  the  rariable  comer  reflector  antenna  to  the  set;;  of  values 
(l)j  a «=  90°j  8 ■ Aq/I^  auid  (ll),  a » 60°,  s ••  Aq/2  were  calibrated  as  star*d~ 
ard  gain  antennas  for  800  to  1600  me.  Reasons  for  selecting  the  antennas  de- 
fined by  I and  TI  are  to  be  pointed  out. 

Because  of  their  predicted  optimum  broad-band  performances,  (see  page 
19),  the  foUewing  antennas  -were  considered  for  development  as  gain  standards? 

Antenna  (a)  ? a » 90°,  s = 

Antenna  (b)s  a « 90°,  s “ Xq/2 

Antenna  (c)s  a » 60^,  s = ^q/2 

Antenna  (d)s  a = s « Xq/2 

The  results  of  the  measurements  described  in  the  preceding  chapter  indicated 
that  agreement  between  calculated  and  measured  perfotmances  is  poor  for  anten- 
na (d)  so  that  this  antemia  was  eliminated,  A good  agreement  between  calculat- 
ed and  measured  performances  was  indicated  for  antennas  (a)  and  (b)  and  a fair 
agreement  was  indicated  for  aritenna  (c).  (See  Figs  ,2J4a,  li^b,  and  15'-' )» 

Antenna  (a)  was  selected  over  antenna  (b)  because  a more  favorable  gain 
vs  frequency  characteristic  was  predicted  for  the  former,  (Compare  siirves  of 
Fig.7A«, ) Antenna  (c)  was  selected  primarily  because  it  was  felt  that  at  least 
ona  antenna  with  comer  angle  different  from  90°  ought  to  be  investigated 
further.  But,  in  addition,  expected  similarity  in  the  performances  of  anten- 
nas (a)  and  (b)  was  a reason  for  not  selecting  both  of  these  anter»nas. 

Description  of  further  measurements  of  the  performances  of  antennas  (a) 
and  (c)  is  presented  on  succediug  pages.  For  convenience,  antenna  (a)  will 
be  denoted  as  standard  antenna  I and  antenna  (c)  as  standard  antenna  II, 
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S«2  H-Ilane  Radiat.ion  Patterns  ol  Standard  Antenna  I 
and  Standard  Antenna  II 


H-plane  radiation  patterns  of  standard  antennas  I and  II j measured 
at  every  200  me  in  the  800  me -1600  me  band,  are  shorm  in  Figs,  l8a  and, 
l8b,  on  page  36b,  and  in  Figs.  20a  and  20b,  page  36d,  In  the  measure- 
ment of  these  radiation  patterns  the  standard  antennas  were  used  as  re- 
ceiving antennas  at  the  transmission  site  pictured  on  Fig , 12 , As  al- 
ready explained,  this  transmission  site  is  very  suitable  for  such  measure- 
ments . 

Calculated  patterns  for  the  highest  aiid  lowest  xTeoueiicies  in  the 
band  are  included  on  Figs,  19a  and  19e,  It  is  seen  that  the  calculated 
patterns  for  f ■■  800  me  a.lmost  coincide  with  those  for  f = 1600  me.  More- 
over, it  is  a fact  that  these  patterns  enclose  the  patterns  calculated  for 
all  frequencies  in  the  band.  Of  course,  such  broad-band  similarity  in 
the  above  radiation  patterns  is  to  be  expected  of  standard  antennas  I 
and  II  because  of  the  constancy  of  their  calculated  gains  as  functions 
of  frequency. 

Comparison  of  the  calculated  and  measured  H-plane  radiation  patterns 
of  the  standard  antennas  will  be  deferred  until  the  iheasurement  of  their 
E-pI.ane  radiation  patterns  and  the  calibration  of  their  gains  are  described. 
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6,3  E-PLane  Radiaticn  Patterns  of  StfincLar-d  .Antoima  I 
and  Standard  Antenna  II 

For  neasurement  of  B-plane  radiation  patterns,  it  iras  a practi-cal  ex~ 
p«iilenc7i  almost  a necessit;^#~-±o-^?eTert  to  the  testing  method  or  tech- 

nique illustrated  on  the  next  page.  This  was  the  case  because  of  the  diffi- 
culties that  would  be  encountered  in  mounting  standard  antennas  I and  H for  I 

reception  of  horizontal  polarization  from  directions  parallel  to  the  horizon. 

(The  mounting  fixture  on  the  variable  comer  reflector  antenna  is  located 
arui  is  designed  to  provide  angjle  support  for  mounting  this  antenna  for  ver- 
tical polarization,  and  consequently,  for  measurement  of  H-plane  radiation 
patterns  = See  Figs,  10  and  11,  also  engineering  drawing  No,  5 of  Fig,  Si;,) 

It  is  pertinent  to  mention  that  the  elevated  ground  plane  of  Fig.  17  is  a 
permanent  installation  of  the  Electronics  Research  lAboratory  under  whose 
auspices  this  research  was  conducted.  No  additional  construction  was  re- 
qtilred  for  the  measiuement  of  E-plane  patterns  of  standard  Jintennas  I and  H 
so  that  the  matter  of  ” practical  expediency"  mentioned  above  is  now  fully 
explained. 

Equipment  used  in  the  measurements  is  as  indicat<jd  in  Fig,  17  . Results 
were  plotted  by  an  automatic  pattern  recorder  and  are  shown  in  FigB«19*-19« 
for  standard  antenna  I,  and  Figs  • Sla  through  for  standard  antenna  H, 

Tile  jagged  variations  seen  in  these  patterns  were  no  doubt  caused  by 
appreciable  reflections  frcoi  the  gx’ound  plane  ard  from  the  V-frame  despite 
the  fact  that  absorbing  cloth  was  placed  over  these  obstacles , The  distance 
between  the  transmitting  and  receiving  smtennas  was  greater  than  1,7  13^/i. 
rcr  the  oJuttlleot  wavelength  used  so  that  ary  varJations  in  +he  patterns  due 
to  phase  variation  across  the  receiving  apertures  are  probably  masked  by 
those  due  to  the  background  reflections. 

Calculated  E-plane  radiation  patterns  are  shown  on  p>ages  36c  and  36B  . 
Comparisons  of  these  calculated  patterns  with  the  measured  E-plane  patterrrs 
are  not  as  significant  as  comparisons  of  calculated  and  measured  H-plane 
patterns  since  the  latter  were  measured  in  space  almost  entirely  free  of 
reflecting  objects.  However,  the  measured  B-plane  patterns  give  at  least 
a first-approximtion  of  the  frequency  dependence  of  ihe  2-plane  radiation. 
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FIG. 17  TEST  SET-UP  FOR  MEASUREMENT  OF  E-PLANE 
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FIG. 18  MEASURED  AND  CALCULATED  H-PLANE  ELECTRIC  FIELDS 

FOR  STANDARD  ANTENNA  - I 


8-lj  Gain  Calibrations  cf  Standard  Antenna  I 


and  Standard  Antenna  II 


Stfindaird  Antennas  I and  II  were  calibrated  by  the  mirror  method  of 
gain  determination.  This  method  is  based  on  the  obvious  fact  that  the  echo 
or  the  intensity  of  the  sigiial  received  by  reflection  from  a large  plane 
reflecting  mirror  is  dependent  upon  the  gain  of  the  transmitting  and  receivrlng 
antenna.  It  is  i’eadily  shown  that  the  dependence  is  as  given  by  the  equation 
G ■ liTflii  I rf  /\f  where  R/2  is  the  distance  from  the  antenna  aperture  to  the 
reflecting  mirror,  ;mdr  is  the  reflection  coefficient  set  up  in  the  antenna 
transmission  line  due  to  the  reflected  radiation.  It  is  Important  to  note 
that  the  test  antenna  and  the  signal  generator  should  be  matched  to  free 
space  and  to  the  transmission  line,  respectively,  otherwise  rwill  not  be 
the  consequence  of  only  the  radiation  reflected  from  the  mirror. 

Gain  measurements  were  conducted  using  the  receiving  equipment  and  the 
transmitter  desci*ibed  in  chapter  VI,  The  traiismitter  was  made  to  appear  as 
a matched  load  to  the  reflected  wave  by  emplq/ing  a padder  consisting  of  ?5 
feet  of  EG  ^8/U  coaxial  cable.  This  length  of  cable  represeuteu  Ai  i n'v'w3  Ijl”* 
nation  of  abait  11  db  at  800  roc  and  15  db  at  1600  me.  Additional  equipment 
used  included  an  impedance  transformer  for  matcliing  the  standaixi  antenii£:s 
and  a coaxial  slotted  line  for  measurement  of  I T I , 

The  reflecting  mirror  employed  was  a large  relatively  plane  copper  sheet 
of  dimensions  7 i/3  ft.  x 8 ft.  This  mirror  was  not  perfectly  planar;  however, 
all  deviations  were  very  small  compared  to  the  wavelength  so  that  little  error 
was  introduced  on  this  account.  The  copper  sheet  and  the  equipment  mentioned 
in  the  precedilng  paragraph  are  shown  in  Tlgs.22a,22b>  and  2a,  approximately 
at  their  respective  test  locations. 

Gain  measurements  were  made  for  frequencies  of  600  me,  y'->?  me,  ICOO  me 
...  1600  me  at  three  nominal  mirror  to  antenna  distances,  'P^/2j  Rg/S,  and 
R^2  so  that  an  average  value  of  gain  could  be  obtained.  Measurements  were 
repeated  at  the  thrfje  sli^tly  greater  distances  E^/2  ♦ i/li,  + l/)i,  and 

R^/2  ♦ A/a  so  that  it  would  be  possible  to  compensate  for  multiple  reflection 
effects.  The  latter  measriremento  are  essential,  as  made  clear  in  the  follow- 
ing paragraph. 
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Radiation  reflected  frcw'  the  mirror  to  the  antenna  is  not  ail  absorbed. 

The  radiation  not  absorbed  is  scattered  by  the  iintenna  so  that  a portion 
Uaveis  back  to  ihe  mirror  to  be  re-reflected  t'3ward  the  antenna,  partially 
absorbed  and  re-scattered,  and  so  on.  The  net  ex’lect  of  these  multiple  re- 
flections is  a cyclic  variation  of  Ir  1 as  a function  of  R Tfith  a period  of 
X/2,'^  Consequently,  G(R)  and  G(R  ♦ l/li;  as  calculated  from  the  above  equation 
are  appreciably  different  unless  R Is  so  large  that  the  sunplitude  of  the  first 
re-reflected  nave  is  negligibly  small  compared  to  that  of  the  primary  re- 
fleeted  wave..  It  has  been  shown  that  the  true  value  of  G is  very  nearly 
the  geometric  mean  of  GCR)  and  G(R  ♦ l/U)  or  G(R  - x/U)  provided,  of  course, 
that  R is  stifficiently  D.arge  (R  2D  /x)  so  that  phase  variation  across  the 
antenna  aperture  is  not  excessive. 

Other  precautions  were  taken  to  improve  the  accuracies  of  the  six  re- 
flection coefficients  measured  for  each  calibration  frequency.  These. 

T«ef 1 oo+i on  coefficients  were  determined  from  voltage  standing  wave  ratios 
meat’ured  near  the  center  of  the  coaxial  standing  wave  line  so  as  to  avoid 
edge  effects  at  the  ends  of  that  slotted  section.  Each  voltage  standing 
wavt  ratio  was  calculated  from  the  ratio  of  the  geometric  mean  of  two  maximum 

value -3  of  response  separated  by  a half  wavelength  to  the  min-imum  value  be- 

2c 

tween  bhom.  This  procedxire  has  been  reccemended  as  it  compensates  for  a 
standing  wave  distortion,  known  as  "slope",  which  is  usually  present  in  coax- 
ial sh  otted  lines  having  even  small  eccentricities  between  their  outer  and 
inner  conductors.  To  farther  in5>rove  the  accuracy,  a line  stretcher  and  a 
shunt  tuner  wore  connected  to  the  standing  wave  probe  so  as  to  permit 
stanc'ing  wave  detection  with  a txined  probe. 

Brief  mention  of  the  determination  of  the  transmission  I’ange  and  the 
wavelength  remains  to  be  made.  The  first  of  these  quantities,  taken  as 
twice  the  distance  from  the  mirror  to  Ihe  aperture  planes  of  the  standard 
antennas,  was  determined  as  precisely  as  possible  using  an  ordinary  tape 
measure.  Wavelengths  were  calculated  from  the  calibration  frequencies  which 
were  set  accurate  to  at  least  2.5  me.  Actual  tuning  errors  were  probably 
smaller  than  1.5  sio.  In  explanation,  the  APT  trans/nitter  was  tuned  to 
peak  the  outpit  of  the  calibrated  APR  receiver*  whose  3 db  bandwidth  is 
approximately  3 mej  therefore,  boning  errors  v.sre  considerably  smaller 
than  3 me. 
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The  crain  calibration  curves  of  staiwiard  antennas  I and  II  are  shewn 
on  Pig.  ,23,pag®  39&.  o Calibrated  values  of  gain^,  indicated  at  eveio'"  h’undred 
megacycles  on  the  curves^  Trere  arrived  at  by  takirig  the  arithmetic  average 
of  the  gecmetric  mean  Values  of  gain  determined  at  the  three  namiiial  trans= 
mission  ranges  usedo  ■ It  is  estimated  that  the  calibrated  gains  are  accurate 
to  at  least  0,25  db  cr  six  percent.  Justification  for  this  estimate  of  ac- 
curacy is  given  by  the  argument  in  the  succeeding  pciragraph. 

It  is  clear  that  gaixi  measurements  are  performed  at  more  than  oxie 
transmission  range  for  only  one  reasons  an  averaged  gain  can  thereby  be 
arrived  at.  Now,  of  cenirse,  it  is  in5>lied  that  error  in  the  measured  data 
is  reduced  by  the  averaging  process.  It  is  believed  that  a reduction  of 
error  by  a factor  of  (about)  two  is  not  otverly  optimistic  for  the  ^in 
measurements  described  in  preceding  paragraphs.  Differences  between  the 
three  geometric  mean  values  of  gain  averaged  to  obtain  a calibrated  value 
■\tere  sometimes  as  large  as  ten  percent  so  that  overall  calibration  en*ors 
Siualler  than  six  percent  are  indicated. 
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8^^  Conrp&risou  of  Calculated  and  MeaatiTipd  Performance 

The  cal(TJlated  perfonnance  of  standard  antenna  I is  a good  approximation 
of  its  measured  perfcrmance  for  the  entire  800  me  - 1600  me  band.  Comparison 
of  the  Cciieulated  and  measured  gain  calibration  curves,  shown  on  Figs.  7*^  and 
83a » reveals  that  maximum  separations  between  the  two  gains  occur  approximately 
at  800  me  and  ll^OO  me,  where  the  ratios  of  calculated  gain  to  measured  gain 
are  only  about  0.8^  db  and  -0.6b  db.  Thus,  the  calculated  gain  differs  from 
the  measured  gain  by  at  most  + 22  percent. 

It  is  significant  to  note  that  for  frequencies  near  ll;00  me  the  gain 
was  measured  to  be  higher  tljan  calculated.  The  measured  H-plane  radiation 
patterns  for  frequencies  of  1200  me,  lUOO  me,  and  1600  me  f^Flgs  ,18a  and  18b) 
are  compatible  with  the  above  result  since  the  field  intensity. in  tlie  region 
-30°  ^ ® 30°  taper?  off  more  rapidly  than  what  is  predicted  by  the  calculated 

patterns  (FigJSo).  Of  course,  the  total  beam  widths  aie  larger  than  the  90° 
beam  width  of  the  calculated  patterns;  but  apparently,  the  rapid  decrease  in 
field  intensity  at  the  small  angles  is  more  than  sufficient  to  canpensate  for 
the  small  amount  of  radiation  at  the  large  angles,  resulting  in  higher  an- 

The  gain  of  standard  antenna  II  is  lower  than  that  of  the  first  standard 
antenna  for  aU  frequencies,  as  was  expected.  Of  course,  the  reversfj  is  true 
cf  the  calculated  gains  so  tliat  the  agreement  between  calculated  and  measured 
performance  of  standard  antenna  II  i?  not  as  favorable  as  that  of  the  other 
antenna.  The  difference  between  tiie  gali.\s  yf  the  wo  standard  antennas  is 
especially  noticeable  at  frequencies  belcw  1200  me.  At  800  me,  the  gain  of 
standard  antenna  I is  almost  twice  that  of  standard  arteniia  II.  Also,  it 
may  be  noted  that  for  f ■ 1000  me  t'ne  ratio  of  the  two  gains  is  very  nearly 
equal  to  the  ratio  of  the  receiving  apertures,  so  that  the  illimiination  effi- 
ciencies are  nearly  equal  at  this  frequency. 

The  maximum  separation  between  calculated  and  measured  gaj.ns  of  standard 
antenna  H occurs  at  800  me  where  the  calculated  gain  is  higher  by  5o3  db. 
However,  for  frequencies  above  1300  me  these  gains  are  equal  to  within  one  db. 

Measured  H-plane  radiation  patterns  of  standard  antenna  II  correlate  the 
observations  oi  the  previous  two  paragraphs.  In  the  figures  in  -laJed  in 
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Section  8*3^  it  is  seen  that  -Tor  frequencies  below  1200  me  the  measured 
patterns  are  much  broader  than  calculated,  and  a3so  appreciably  broader  than 
corresponding  patterns  of  standard  antenna  I,  Secondly,  for  ll|00  me  and  1600  me 
measured  and  calculated  patterns  of  standard  antenna  II  are  in  close  agreement® 


8o6  Future  Use  of  Standard  Aittet>nq.3  I and  II 


During  calibration,  standard  antennas  I and  II  were  mounted  such  that 
their  feed  antenna  was  five  feet  above  the  ground,  a hei^t  chosen  so  that 
the  antenna  beams  would  be  directed  at  a point  near  the  center  of  the  mirror. 
Obviously,  when  the  standard  antennas  are  used  for  gain  comparisons  they 
should  be  mounted  at  or  near  the  height  used  during  their  calibration. 

In  a comparison  measurement,  the  gain  standards  will  have  to  be 
matched  and  this  should  be  perfonned  with  the  balun  of  the  feed-antenna 
assembly  set  at  Q«23  1.  A final  point  in  regard  to  the  future  use  of  the 
standard  antennas  is  that  both  the  dipole  feed  and  the  comer  angle  (of  the 
variable  comer  reflector)  can  be  adjusted  accurately  to  the  correct  settings 
by  employing  either  a right  triangle  cr  a 30*^  right  triangle.  Tar 
example,  in  the  case  of  standard  antenna  II,  the  comer  reflector  planes 
are  wedged  against  the  60°  angle  of  the  30°  right  triangle  and  the  30°  angle 
of  the  latter  is  used  to  line  up  the  feed-antenna  on  the  bisector  of  the  ' 
corner  angle® 


H SUmiAP.1  OF  RESULTS 


Theoretical  analyses  present€^d  in  this  report  Trere  concerned  ifith 
the  determination  of  the  performance  of  comer  reflector  antennas.  The 
general  solution  for  the  far-zone  field  of  a comer  reflector  antenna  having 
any  corner  angle  a - irhere  m is  any  even  integer,  was  derived  assuming 
the  reflecting  planes  of  the  comer  reflector  to  be  infinitely  conductive 
and  infinitely  large.  The  Poynting  vector  of  the  electromagnetic  field  was 
detemiined  from  this  far-zone  field  solution  thereby  permitting  the  well 
known  Poynting  vector  method  to  be  employed  for  the  calculation  of  antenna 
gain. 

Radiation  resistance  and  antenna  gain  of  dipole-fed  90°,  60°  and 
comer  reflectors  for  several  comer  to  dipole  spacings  Trere  calculated 
for  a two  to  one  frequency  band.  Results  of  these  comprehensive  calcula- 
tions predicted  several  combinations  of  comer-  angle  and  comer  to  dipole 
spacing  that  result  in  optimum,  or  at  least  very  favorable,  broad-band 
performances. 

Following  -the  analyses  summarized  above,  it  was  shown  -that  the  solution 
of  three  definite  integrals  derived  in  Appendix  A are  useful  in  the  general 
case.  That  is,  the  antenna  gain  and  the  radiation  resistance  of  o comer 
reflector  antenna  of  ar^r  comer  angle  e can  be  calculated  using  these  definite 
integrals.  Inaidition,  it  was  shown  that  a considerable  part  of  the  data 
required  in  the  calculations  for  the  dipole-fed  comer  reflector  is  usable 
in  coiresponding  calculations  for  a corner  reflector  illuminated  by  any  feed 
antenna  excited  uriiformly  with  azimuth. 

Experimental  investigations  were  conducted  with  two  main  objectives  in 
mind,  namely,  to  check  calculated  performances  and  to  provide  standard  gain 
antennas  for  800  to  1600  me. 

As  a starting  point,  meastirement  of  H~plane  electric  fields  were  made 
at  a .single  frequency  for  each  of  the  settings  of  corner  angle  and  corner 
to  dipole  spacing  (s)  considered  in  the  calculations.  The  Immediate  objective 
of  these  preliminary  measui'ements  was  to  obtain  an  idea  as  to  which  of  the 
optimum  coabinations  of  a and  s arri.ved  at  by  calculation  would  result  in 
better  than  acceptable  actual  performance. 

Consideration  of  the  results  of  the  above  measurements  aided  in  the 
selection  of  the  anterm.s  that  were  calibrated  as  standard  gain  antennas. 


and  investigated  thoroughly « Th.a  ant-ennas  defined  by  a = 90°,  s = Y -.?  cm 
and  a * 60°,  s lo  1?  cm,  denoteu  as  standard  ant-enna  I and  standard  antenna 
II,  Tirere  the  antemias  -selected,  Il-plarte  and  E-plane  radiation  patterns  of 
standard  antennas  I and  II,  and  the  gains  of  these  anterjias  were  measured 
throughout  the._80^0  me  to  1600  me  band.  Error  in  the  gain  calibration  of 
both  standard  antennas  was  estimated  to  be  within  six  percent  for  the  entire 
band , 

It  was  found  that  calculated  performance  is  a good  approximation  of 
measxired  perfoimance  in  the  case  of  standard  antenna  I,  and  a good  or  bad 
approximation,  depending  on  frequency,  in  the  case  of  standard  antenna  II, 

Trie  uifcJujEUin  separation  between  calculated  and  measured  gain  was  only  0.8^  db 
for  the  first  standard  antenna  and  as  much  as  ?,3  db  at  800  me  for  the 
second.  Tar  fi^qtisneies  above  ijOO  me,  h-^wever,  calculated  and  measured  gains 
of  standard  antenna  II  differed  by  less  than  one  db.  The  large  discrepancies 
betneen  calculated  and  measured  performances  occiarring  at  the  lower  frequencies 
in  the  ease  of  the  second  staiidaru  antenna  were  attributed  in  part  to  its  small 
recei'».'ing  aperture  conpared  to  that  of  standard  antenna  I, 


X CCNCniSIONS 


fh) 

The  arialjrsis  presented  in  this  report,  added  to  that  made  by  Kraus ' , 

more  or  less  determines  the  theoretical  perfonoance  of  comer  reflectors  il- 
Ituninated  by  linear  dipoles.  Future  analyses  of  comer  rtjfleotors  might 
consider  mainly  other  types  of  feed  anteijnas. 

In  general,  the  higher  antenna  gains  possible  ft*om  comer  reflector 
ante:uias  Tihen  the  comer  angle  is  decreased  from  50°  -will  be  attained  in 
practice  only  if  the  reflector  is  made  impraetically  large.  For  the  rela- 
tively few  cases  where  size  is  not  of  paramount  importance,  a 60°  corner 
reflector  may  be  practical  provided  that  higher  gain  than  obtainable  from 
a 90°  comer  reflector  antenna  is  required  in  the  transmission  system. 

The  good  correlation  between  radiation  patterns  and  antenna  gains  of 
the  standard  antennas  calibrated  during  this  research  — that  is,  progres- 
sively broader  patterns  and  progressively  Icmer  gains  with  decreasing 
frequency  — discourages  the  possibility  of  greater  calibration  error  than 
was  estimated,  Fo:.*  general  purposes,  standard  antenna  I should  be  preferred 
over  standaitl  antenna  II,  This  conclusion  follows  from  the  fact  that  the 
first  standard  antenna  exhibits  the  smaller  variation  in  both  antenna  gain 
and  radiation  pattern  with  frequency.  In  addition,  at  the  lev?  calibra+d  on 
frequencies  the  gain  of  standard  antenna  I is  substantially  higher  than  that 
of  the  second  standard  antenna.  Of'  course,  the  lower  gain  of  standard 
antenna  II  may  be  in  its  favor  when  very  low  gain  antennas  such  as  dipoles 
are  measured. 


- 


AJvgwriix  A. 


DSEI7ATI0NS  OP  TBP:  S OmTIONS  OP  UITJ»RALS  REQUIRED  TO  CALCUIATS 


TEE  FBRFCRMAIICE  OF  COREER  REPLEOTQR  aNtENNAS 


The  int^greTa  to  be  solved  in  this  eppe  'dix  the  following; 


feos  (bcos0) -cosb 

d9  - 2 

sin  0 

,2tt 

I2  “I  C3s[z  COS  (0  - c)1  d ^ 


I 2 

I [cos(b  cos  0)  - cos  b]  d 6 
JO 


^ |slo[/J  cos  (0  - b)]  I |sin[yocos  (0  - a)]  | d 0 
^1+  “ r icos[/jcos  (0  - b)]|  |cos[^  pcoo  (0  - a)^  d 


•fhere  Cj  b,  c>  aiidn  are  constants. 


I Solution  of  Integral 

Except  for  constant  Etultipliak*?^  integral  may  be  recognized  as  the 
radiation  resistance  of  a center-fed  dipole.  It  is  an  interesting  fact  that 
the  *self  resistexics’’  of  the  dipole,  a popular  term  used  in  early  investigsu- 
tions  on  linear  antennas,  is  precisely  the  same  as  the  radiation  resistance 
obtained  by  integrating  the  normal  component  of  the  Poynting  ve-jtor  over 
the  surface  of  a large  sphere,  provided  that  both  res5  st-ancecj  are  referred 
to  the  same  current*  Indeed,  Kraus’*"  has  recently  shown  that  the  method 
used  to  compute  the  seif  resistance  is  equiva'ient  to  an  integration  of  the 
Poynting  vector  over  the  survace  of  the  linear  conductor  (rather  than  over 
the  surface  of  a large  sphere  )«  Thxis,  both  methods  should  give  the  same 
answer  since  the  power  emanating  from  the  larije  sphere  is  that  radiated  by 
the  dipole  source* 

The  method  used  in  calculating  the  self  resistance  is  termed  the  ^induced 
emf  method",  and  the  integrals  involved  therein  are  quite  different  from  I^* 


— )46  “ 
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Brown  and  ELng  have  obtained  the  expression  for  the  dipole  self  resistance 
and  it  could  be  boirowed  as  the  solution  of  Integral  However,  since 

the  integrals  solved  by  Brown  and  King  are  different  from  and  for  the 
sake  of  ccntinuiiiy  in  discussions  in  the  preceding  thesis,  it  is  felt 
that  IntegTcil  I^  should  be  evaluated. 

Upon  making  the  cliange  of  variable  u ■ cos  8,  becomes 

f-i  2 

, I Ceos  b u - cos  b)  du 

h ■(  Ti'jT  (li)  ' ' 

Cl+l/2  cos  2 b -f  lj^2  cos  2 bu  - 2 cos  bu  cos  b)  du 
* 


Or 


T . 1/;.  I COS  2b)  •»  1/2  cos  2bu  2 cos  bu  cos  b ] du 

U-J. 


X/2  i -CI4I/2  cos  2b)  ♦ 1/2  cos  2 bu  - 2 cos  bu  cos  b ] 
^ u + 1 


du 


Lot  ms.  I-^T  “ where  and  first  and  second  of  the  above 

integrals.  Making  the  changes  of  variable  u = x + 1 in  and  u = -(x4l) 
in  1^2  yields 

. 2 

1^2  r i/2  I I (1  ♦ 1/2  cos  2b)  ♦ 1/2  cos  ^2b  (x+l)J  “2  cos  b(x+l)l  cos  bj 
" ^12 

so  that  = 2 1^2 ® Substituting  y « ~x  gives 

^2  ~ j -iCl+l/S  cos  2b)  + 1/2  cos  2b  (l~y)J  -2  cos|b(l“y)  J cos  b"!  ^ 


.2  2 1'*= 

I,  « I (I4J/2  COS  2b;  ^ ♦ 1/2  I cos[2b(l-y)J  ^ “ 2 J cos[b(l-y)]  ^ 

O • y.  “ O •' 

^^1/2  I c. 


b 

,2 


I,  - f (1+1/2  cos  2b)  ^ 

■*■0  y 


2 2 

j coa  2b  cos  2bv  ^ 1/2  f sin  2b  sin  2by  ^ 

0 '7b 


ir 


- 2 I cos^  b cos  by  “ 2 f cos  b sin  b sin  by 

•'  7 i 7 

0 0 

^ ^3  ’ ^ ^1^  ■*■  ^16  " ^17* 

The  intecrnalH  on  th=  right  hand  side  c.f  this  equation  are  solved  separately 
beloir.  In  through  the  change  of  variable  2by  * 2 is  made. 

(a) 


L.,  ■[  (1+1/2  cos  2b)  ^ - (1+1/2  cos  2b ) (tjn im -t n y) 
i ^ 7-0 


(b) 


■x'tiffi  1/2  cos  2b  I cos  H ~ 


y-0 


2by 


cos  K 


d» 


/ ou  ^ 

« ( 1/2  cos  2b)  I j cos  * ~ “ j 

• 2*!y  4 b 

■ -I/2  cos  2b  Cl  ( 2 b y)  - Ci  ([>  b)Jj 


where  Ci  denotes  the  cosine  integral. 

I-i)^  » - 1/2  cos  2 b jT'  +'t.n2  b ♦ 'tom-tn  y - Ci  (2;  b)J  , 

where  7 » Euler’s  constant  =.  .5772. 


(la) 


(lb) 


(c) 

4 b 

^15  “ * 5^  “ ^ ^ U 


-1,8  - 


where  Si  denotes  +he  sine  integral, 
(d) 


.2b 


It  ^ = -2  cos  b -t  un  I cos  e — 


" yO  >>.,  ' “ * 


I 


de 


‘■16 


2 cos  b .t-un  I COE  b 


ao  r ® 

de  I 

r!<-l5!  R.  ™=  ~ ! 


jrO 


1, 


(1b  j 

y 


I,  r <»  2 cos  b 


XU 

Ly-0 

b6  - 

+ cos  2 ^|y 

(e) 

^17  - -2  / 

cos  b sin 

J 

0 

y-’O 


de 


(Id) 


(le) 


Collecting  the  solutions  given  by  (la)  to  (le),  and  siaplifying  gives 

||^7»^n2b  - Ci  (2b)]  + l/2  sin  2b  Si  (li  b)  - Si  (2  b)J 

. r - ...  . .il 


♦ 1/2  cos  2 b r .,  ♦ tn  b » Cl  (ti  1)  - 2 01 


Ccb)J| 


^AbX/ 


If  equation  (Ad)  is  imiltiplied  by  sixty  and  b is  ji^placed  by  ^ j 
2r(  * 

where  k ^ and  1 = the  length  of  the  dipole,  the  result  is  the  radiation 

resistance,  Tip  of  the  dipole  referred  to  the  current  at  an  antinode o The 

o 2 , . 

self  resistance  deterjuinei  by  Brown  and  King  mast  be  Jiultiplied  by  2 sin  ki/2 

to  be  egiLivalenl  to  Pp  - Ifiiltiplication  by  2 is  necessary  because  Brown  and 
King  considered  groTinded  dipoles;  and  multiplication  by  sin  krt/2  is  neces- 
sary because  the  self  resistance  is  referred  to  the  current  at  the  terminals 
of  -the  dipole  o 


- 1^9  “ 


Goluoioii  of  Integral 


easily  solved  by  making  the  change  of  variable  0 - c = ^ 

_ - 4-  2TT 

COS  (0-o)]dCi  -=J  cos  (*  cos  P)d’^ 

- C 

The  solution  of  the  last  integral  is  the  well  knovm  result: 

= 2tt  Jq  (b)  (Ao2) 

whers  JqCz)  is  the  zero  order  Bessel  function  of  the  first  kind® 


Integral  is 


27T 


T _ f 
o 


= : I - ' Ct 

2 ) "'L 


I IT  SoXntj.cn  o£ 


UL-i. 


"For  convenience,  the  integral  to  be  solved  is  restated  belcws 


/Vr 


p cos  - b)  , , 

L JJ 


P COS  (0  - a)  I d0 


The  integrand  of  w:iU  be  transformed  through  the  use  of  the 


trigoncsnetric  identity 

sin  X sin  y = 1/2  cos  (x  - y)  - cos  (x  + y)J 


C3a) 


By  3,etting  p cos  (0  - b)  » x and  pcos  (0  - 'i)  » y there  is  obtained 
for  the  integrand  of 

•|sin[f'  cos  (0  - b)]j  |sin[f»  cos  (0  - a)]  | 

-l/2  l^cos  |p  [cos  (0  - b)j  - cos  (0  - a)}]  ~ COS  |^p[cos  (0  “ b)  + cos  (0 

But 

CDS  ^0  *"b ) ♦ cos  (0—a)  sa  fcos  b-  + cos  a,  cos  0 

♦ (sin  b + sin  a)  sin  0,  cos  (0-b)  - cos  (0~a) 

a-  (cos  b “ cos  a)  cos  0 ♦ (sin  b - sin  a)  sin  0j  and  upon  letting 

yo(cos  b + cos  a)  « c,  p (sin  b ♦ sin  a)  = d,  ^(cos  b - cos  a)  « e,  and 

p/sin  b - sin  a)  » X,  the  following  result  is  obtained: 


« $0  - 


_ T 


2tT 

j"  fc3s(e  cos  0 ♦ f sin  0)  •«  cos  (c  oos  0 d sin  0)J  d 0 (Jb) 


form 


NoiTj  it  is  seen  that  is  the  difference  betsreen  two  integrals  of  the 


■2tr 

■ r cos  ^ p cog  0 + q sin  0 J d 0 
° ^ 2tt 

Using  cos  P = ' in  yields 

n «»0 
CD 


"31 


2 TT  r ™ 

I 1 ^ '(ferr~  [ P cos  0 + q sin  0 ] ^ d 0 


«=  o 

® - 2 TT 


I ^ 

B.tjO 


j [p  cos  0 + q sin  0 d 0 


The  solution  of  the  inoegral  on  the  right  hand  side  of  the  preceding 
equation  is  given  by  Bierena  de  haan^^  as  folliows? 

..  >.  (■) 
f [ p cos  0 ♦ q sin  0 l d 0 . ?n  [ ♦ q J “ 

^o  ■'  Js] 


. (SI 

where  1 ■ (l)  (3)  (?) 

(IV 

2'  'es  (2)  (it)  (6) 


o o « 


(2ffi“l) 

(2  m). 


Therefore, 


T ,,  g'  (-1)“  r , ,2  -|“  [(1)  C3)  (5) 

^31  ■ "’'Z.Tsrr  Lp  *'5  J ■ ,,,  vn 


m«o 


[(2)  (li)  (6)  . (2m)  J 


(3c) 


Squation  {^cj  Is  sin^jliflcd  as  follows? 


CO 


^31 


- 2tt 


^(-ir 


]^“  [m  (g-) 


(3a^) 


^i-)  (2)  C3-)  (U  . p . (2)  (U  (6)  . . . (2m)] 


- 51  - 


so  that 


"31 


S?  ( f-2 

\~i.)  -*" ^ ^ 


[(2)  a) (6)  . . . (2u:)l 


2n  y Ll^  * ■ q^.  I 

^*-  J. \.  ^ J m 


2ia 


"31  - 


[{2.1)(2.2)(2.3)  . . . (2.111)]“^ 

I » 2- 1,,  (v^r?'’) 


2^  fm.O 


By  applying  this  result  to  equation  (3b  pa.;a  ^1,  there  is  obtained 

I,  - it.jjQ  (Ve^  4 f^)  - jq  ( y7~r?) 

2 -^2  _2  fr _._^12  r_.^  _ ,12) 

“J| 


But  e""  + f *■  *■  /o  “ l^j^cos  a - cos  ^ J ^ ^ ^ ~ 

Squaring  the  indicated  terms  and  siitmlifying  gives 
+ f“  ■ 2p'^  j j so  that 


/T 


/a  - b\ 

—^—1 


^ e ♦ r [ 1 - cos  (a=b)]  = 2p  ain  ( 

Similarly,  it  is  easily  shoim  that  ■»■  = 2yo  cos  ^ 

The  solution  of  I^,  therefore,  is  giT»en  by  equation  (A,3)’ belcsr? 

"3  - j-’o  (H-^)]-  "o  ^)| 


- 5^2  - 


{ 


r/  Solution  of  IrAuegral 


Integral  is  restated  belcurs 


I |cos  |^/>  cos  ( - b)  .|^cos  p cos  (jrf  - d 0 


The  solution  of  integral  is  innediately  obtained  by  using  the 
trigonometric  identity 

co;j  X cos  y = 2/2  [cos  (x  “ y)  cos  (x  + y)] 


(ha) 


On  page  ?0,  at  the  beginning  of  the  analysis  on  integral  1^5  e(juation 
(3a)  was  used.  Notr,  the  second  tern  on  the  right  hand  side  of  equation 
(3a)  is  preceded  by  a negative  sign,  whereas  the  corresponding  term  of 
equation  (ha)  is  preceded  by  a positive  sign.  Except  for  this  reversal 
of  algebraic  sign  the  right  hand  sides  are  identical.  Therefore,  the 
solution  of  integral  is  identical  to  that  of  integral  except  for 
a reversal  of  the  algebraic  sign  precedlJig  tlxe  second  termi  that  is, 


« IT 


2 P cos 


(A.h) 


Al»EhT-IX  B 


SOLUTIONS  FOR  TliB  INIBGIRAIS  DENOTED 
BT 


On  page  18  of  this  Report  it  is  stated  that  the  integrals  there  demoted 
hy  could  not  be  solved  analytically.  New,  of  course,  it  "nas  implied  that 
systematic  mathematical  operations  leading  to  a solution  could  be  inade.  It 
might  be  worthwhile  to  point  out  that  analytical  solutions  of  can  be 
” arrived  at”  for  all  val-uss  of  m«* 

The  integrals  I were  defined  by  the  equation  R ts  Rr  + 120  I , where 
Rr  is'  the  radiation  resistance  of  a comer  reflector  antenna  of  comer  angle 
a » ^ and  Rr^  is  the  (free  space)  radiation  resistance  of  the  dipole  feed 
antenna#  new,  the  circuit  method  used  by  Kraus  and  the  Peynting  vector 
method  used  by  the  Ynlter  must  3d.eld  equivalent  radiation  resistances  if  re- 
sistance is  referred  to  the  same  current.  Therefore,  the  mathematical  er- 
pressions  obtained  fi*cni  the  tiro  methods  can  be  equated  to  one  another,  so 

that  I can  he  solved  algebraically. 

m - , 

Frcm  the  circuit  method  there  is  obtained*^ 


R 


Where 


= Rll  4 


a*=l 


(B.l) 


Rj^j^  * Self  resistance  of  the  dipole  feed  antenna 
to  be  referred  to  the  current  at  an  antinode  s R^^, 

Rjj^  = Mutual  resistance  between  the  dipole  feed 
antenna  and  the  nth  image,  tho  corrent  at  an  anti- 
node being  used  as  the  reference j and  the  notation 
C“l)n  signifies  tliat  the  algebraic  sign  of  R^,^  is 
chosen  to  agree  with  the  phase  of  the  excitation 
of  the  a th  image , 

Equating  (b.l)  to  result  (Rj.  » Rj.^  + 120  1^^^)  obtained  by  the  Poynting 
vector  method  yields 

^m  “ 3^  ^ 

a*  S 

in  equation  (Bo2) 


9 

In  the  Report,  en^rhasis  is  made  that  for  practical  purposes  it  is  considerably 
more  coiivenient  to  solve  numerically  the  integrals  than  zo  use  the  analyti- 
cal solutions  obtained  in  this  appendix,  “ 


5k 


.#  — 


i 


(2)(2+cos  k*QCi(l:dn)-I;cos^  ^ |j31  fj( ^ j 4'  Ci^  |(  V^^4 


+ CCS 


u p.  fk  {J^^-  A )j  +ci  [k  c V4+  ^ 


4 sin  k-^ 


4^1, /j 


(B.3) 


- Si[k(y<i2+  ^2_ i^y  23i[|c75|+'*^-^^+  2Si[|(ynd^4't S 't) ] I 

^ere  d^  = spacing  between  tl'ie  dr.pole  and  the  n th  image. 

(Division  of  (B»3)  by  2 sin^  gives  the  mutual  resistance  between  two 
parallel,  grounded  dipoles  referred  to  the  teminal  current;  the  mathematical 
derivation  of  this  resistance  ie  found  in  reference  13*) 

For  an  exan?)le,  the  solution  of  for  m = y (a  = yO")  Tn.il  be  ob- 
tained.  From  Fig.  3,  page  12,  it  is  clear  that  d^  » 2s,  and  d^  = d^ 
m 2 s sin  i;b‘  * _J2.  s,  so  that  Also,  image  2 is  positive  and 

ijcages  3 and  ij  are  negative . Therefore , 
tr/« 

I lcos(»^  cos  - cos  r 

I,  a = --i— ^ |j  (2  ks  sirfl)  - 2 J (^ks  sin  &) 

^ J Bin  $■  [_°  ° 

o 

• |^2)(2+cos  kr't)  Ci(2ks)-;;  cos^  |i ci|^|(yi6^2^i^- ^ )j 

+ cos  k'tjcil^kC yi*5^+  +Ci|k(yiiS^4/t^+  't)'! 

+ sink't3i^kCyii?+'C^+  - Si  |^k(y^^  + 't^-  - 2Si^^(yi6s^+^ 

4 2SijJ(7i6?7F-  ^.)]  ^ - i - (2)(2400s  k't)CiCy§ko)  - hcos^  ^ jci[|(/P^-  -Cj 


+ Clf  ~(y 8s^+  'C  )1  + cos  k-t 

•w‘  J 


)]  4 ni|k(^/2l2l7^4  zj 


tzcr 


■f  six',  k -t 


Si  [k(  72?+  ^ )1  - Si  -t )]  - 2Si[^(yS2r7^v  ^ ) 


♦ 2Si[^(/e?+>.2L^)'| 


(aii) 
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